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Abstract 

We construct the Killing(-Yano) tensors for a large class of charged black holes 
in higher dimensions and study general properties of such tensors, in particular, their 
behavior under string dualities. Killing(-Yano) tensors encode the symmetries beyond 
isometries, which lead to insights into dynamics of particles and fields on a given ge¬ 
ometry by providing a set of conserved quantities. By analyzing the eigenvalues of the 
Killing tensor, we provide a prescription for constructing several conserved quantities 
starting from a single object, and we demonstrate that Killing tensors in higher dimen¬ 
sions are always associated with ellipsoidal coordinates. We also determine the trans¬ 
formations of the Killing(--Yano) tensors under string dualities, and find the unique 
modification of the Killing-Yano equation consistent with these symmetries. These 
results are used to construct the explicit form of the Killing(-Yano) tensors for the 
Myers-Perry black hole in arbitrary number of dimensions and for its charged version. 
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1 Introduction and summary 

Symmetries of dynamical equations have always played very important role in string theory. 
Conformal symmetry of the worldsheet led to Polyakov’s reformulation of the theory [1], 
making it amenable to quantization, and provided powerful tools for performing calculations 
[2] . Study of string dualities |3] led to great insights into dynamics of string theory at strong 
coupling and to formulation of the gauge/gravity duality |1]. More recently discovery of hid¬ 
den symmetries of equations for a classical string led to the discovery of integrability m, 
which stimulated a great progress in understanding of string dynamics and gauge/gravity 
duality (see [7] for the review and list of references). To gain additional insights into proper¬ 
ties of quantum gravity and strong interactions it is very important to look for new examples 
of integrable string backgrounds. Since at low energies strings behave as point-like parti¬ 
cles, integrable structures must give rise to hidden symmetries of supergravity, which will be 
investigated in this article. 

Integrability of classical strings on certain backgrounds is guaranteed by an inhnite num¬ 
ber of conserved quantities which can be extracted from reformulating the dynamical equa¬ 
tions as a linear Lax pair |8]. Unfortunately, there is no algorithmic procedure for con¬ 
structing such pairs, and they have to be guessed. Interestingly, there exists a procedure 
for demonstrating that a particular background does not have a Lax pair, and it has been 
applied in P [ID] to rule out several promising candidates, such as strings on a conifold and 
on asymptotically-flat geometry produced by D3 branes. Unfortunately, this procedure for 
ruling out integrability is rather complicated, and it has to be applied on a case-by-case 
basis, so in m we used a different approach based on the study of geodesics. Since at low 
energies strings behave as point particles, integrability must survive as a hidden symmetry of 
such objects, and this gives a very coarse necessary condition for integrability, which can be 
tested for large classes of backgrounds. Interestingly, this condition was sufficient for ruling 
out integrability on all known supersymmetric geometries produced by D-branes, with an 
exception of AdSpXS'^ and a couple of other examples HU. Of course, to analyze the inte¬ 
grability of geodesics one has to start with explicit solutions, and the nontrivial integrable 
deformations of AdSpXS*^ [121 IS] had to be constructed using special techniques rather 
than obtained as members of known familie^. This article is a continuation of the program 
initiated in HU: it extends the earlier results to geometries without supersymmetry, and, 
more importantly, it uncovers the hidden symmetries underlying integrability of geodesics. 
In spite of this continuity, this paper does not require familiarity with HI]. 

Study of geodesics has a long history in general relativity, and the most powerful methods 
are based on the analysis of the Hamilton-Jacobi (HJ) equation. It is well-know that such 
equation separates if the background contains cyclic (ignorable) directions, but sometimes 
separation happens even between non-cyclic coordinates. The simplest example of such ‘ac- 

^ Analysis of HU focused only on geometries supported by the Ramond-Ramond fluxes, which allowed 
us to analyze very large families. The ‘isolated points’ discussed Hans] contained mixed fluxes, and they 
would have survived the analysis of HU had it been performed. Integrability of strings on the beta-deformed 
backgrounds [12] has been discussed in [T4] . 
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cidental separation’ comes from the three-dimensional flat space in spherical coordinates: 
the polar angle 6 separates in the HJ equation, although the metric depends on this coordi¬ 
nate. In this case the separation can be attributed to the SU(2) symmetries of the sphere, 
but similar argument cannot be applied to the Kerr black hole, which has only U(l)xU(l) 
isometry, although the 6 coordinate still separates. The technical aspects of this separation 
will be reviewed in section 12.21 and here we just recall that the separation is associated 
with a hidden symmetry encoded in the Killing tensor (KT) [T^ [T6] . The same tensor also 
leads to separation of the Klein-Gordon equation even beyond the eikonal approximation. 
The Kerr metric also gives rise to separable Dirac equation, this is guaranteed by an addi¬ 
tional symmetry encoded in the Killing-Yano tensor (KYT) [T7j. Over the last four decades 
Killing(-Yano) tensors have been found for other geometries both in general relativity [18] 
and in string theory [19], and in this article we will construct KYT for a large class geome¬ 
tries in arbitrary numbers of dimensions, which contains most of the known examples as 
special cases. 

Killing(-Yano) tensors encode all continuous symmetries of solutions in general relativ¬ 
ity, but string theory also has discrete symmetries associated with dualities, which can be 
promoted to a continuous group of solution-generating transformations in supergravity. This 
leads to a very natural question: what happens with Killing(-Yano) tensors under action 
by this group? Answering this question is one of the main goals of this paper. A slightly 
different question was answered in the article 123. which identihed the subset of duality 
transformation leaving the Killing-Yano tensor invariant. As we will see, in general both 
Killing and Killing-Yano tensors are changed by the dualities, even the equation for the 
KYT is modified. However, for the special cases discussed in [20] our results agree with that 
paper. In this article we focus on dualities in the NS-NS sector since our preliminary study 
of the Ramond-Ramond backgrounds indicates that T duality applied to such geometries 
may change the rank of the KYT and even produce Killing-Yano tensors of mixed rank. A 
very brief discussion of this point is given in section 14.31 

This paper has the following organization. 

In sections 12.II and 12.31 we review some well-known properties of Killing(-Yano) tensors, 
and in section 12.21 we rewrite them in a slightly unusual form which becomes crucial for the 
subsequent discussion. Usually one uses the Killing tensor to produce a conserved quantity 
which leads to separation of the HJ and Klein-Gordon equations, and only one such quantity 
can be constructed from a given Killing tensor. In section 12.21 we argue that if one looks 
further and studies the eigenvalues of the Killing tensor, then a single KT can lead to a family 
of conserved quantities since the detailed analysis of eigenvalues allows one to construct a 
family of Killing tensors from a single representative using an algebraic procedure (i.e., 
without solving differential equations). As a bi-product of this analysis we also demonstrate 
that separation caused by nontrivial Killing tensors in any number of dimensions can only 
happen in (degenerate) ellipsoidal coordinates, this generalizes the earlier result of [TT] to 
non-supersymmetric geometries. In section 12.31 we also show that the eigenvectors of the 
Killing tensors lead to simple expressions for the Killing-Yano tensors when the latter exist. 
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After developing this general technology we apply it in section [3]to write the Killing-Yano 
and Killing tensors for the Myers-Perry black holes [2l] in arbitrary number of dimensions 
with arbitrary number of rotations. In section 15.11 this construction is extended to charged 
solutions built from Myers-Perry geometries by application of the solution-generating dual¬ 
ities, and relatively simple explicit expressions for the Killing(-Yano) tensors are derived. 

The general effects of string dualities on Kilhng(-Yano) tensors are discussed in section 
m where it is demonstrated that Killing vectors (KV) and Killing tensors survive under 
dualities if certain conditions on the Kalb-Ramond held are satished, and the resulting 
transformations for the KV and KT are derivecil. For the Killing-Yano tensors the situation 
is rather different: while dualities generically destroy the standard KYT, they preserve the 
modihed version of the KYT equation, which is derived in section 14.31 We demonstrate that 
such duality-invariant modihcation is unique and derive the transformation laws for the 
Killing-Yano tensor. Several examples of the modihed KY tensors are discussed in section 

El 

While studying massless particles, one encounters Conformal Killing(-Yano) tensors 
(CKT and CKYT), and their behavior under string dualities has some unusual aspects. 
The conformal objects are discussed throughout the paper along with their standard coun¬ 
terparts. Some technical details are presented in appendices. 


2 Killing(—Yano) tensors in higher dimensions 

2.1 Killing tensors and Killing-Yano tensors 

Symmetries play very important role in physics, and symmetries of geometries are encoded in 
Killing vectors and Killing tensors. In this section we will review some well-known properties 
of these objects and establish the notation which will be used in the rest of the paper. 

We begin with recalling that the Killing vector (KV) is dehned as a vector held V which 
leaves the metric invariant. In other words, the Lie derivative of the metric along V must 
vanish: 


^v9mn — 0 , ( 2 . 1 ) 

Relation fl2.ip can be rewritten as 

^v9mn = y^dpQMN + 9pn + d^V^gup = VmRv + nVm = 0, (2.2) 

and it implies that the metric does not change under an inhnitesimal transformation 

^ ^ 2 . 3 ) 

^For Killing vectors, a very nice interpretation of the transformation law in terms of the Double Field 
Theory [22] is discussed in section 14.11 but unfortunately a natural embedding of KT and KYT in this 
formalism is still missing. 
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Since Killing vectors encode symmetries, they are always associated with conserved quanti¬ 
ties. Specihcally, the expression 


I = Vm^ (2.4) 

ds 

is conserved along any geodesic. 

The correspondence between Killing vectors and integrals of motion is not one-to-one: 
some conserved quantities are not associated with KV. However, it was shown by Penrose 
and Walker [16] that any integral of motion that depends on momentum comes either from 
a Killing vector or from a rank-two Killing tensor as 


I 


Kmn 


dx^ dx^ 
ds ds 


where Kmn satishes a linear equation 


(2.5) 


Vm.^vp + VatK'mp + VpKTmv — 0. (2.6) 

To determine whether the integrals of motion survive in quantum theory as well, one should 
analyze separability of the Klein-Gordon equation, and as shown in [23], the relevant con¬ 
served quantity must be associated with eigenvalues of the differential operator 

K = + k{x) (2.7) 

with some function k{x). As demonstrated in [SUES], operator K commutes with if 

and only if satisfies equation fl2.6p and one more condition which will not be discussed 
here. 

In general, presence of the Killing tensor does not imply separability of the Dirac equation, 
this requires existence of an anti-symmetric Killing-Yano tensor (KYT) Ymn which satisfies 
the defining equation im 


VMhTvp-I-V atYmp = 0. (2.8) 

This equation can be generalized to tensors of arbitrary rank as ESI 

V(Mrjv)Pi...F;._i ^ 0, ypj...p^ ^ yjpj (2.9) 

In four dimensions KYT of rank k > 2 can be dualized into vectors and scalars, but in string 
theory one encounters interesting solutions of fl2.9p . which will be discussed throughout this 
paper. It is also possible to define Killing tensors of rank /c > 2 as solutions of the equation 

ra 


V(MiA'M2...Mfc+i) — 0, 


( 2 . 10 ) 
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but such objects will not play any role in our discussion. 

Any KYT gives rise to a Killing tensor of rank two via the relation 

KmN = ( 2 - 11 ) 

This equation has a simple interpretation: separability of the Dirac equation implies one for 
the Klein-Gordon equation in the same coordinates. In section 122] we will present a detailed 
analysis of Killing tensors and outline a procedure for “extracting the square root” from 
them which allows one to construct the Killing-Yano tensors, if they exist. 

So far we discussed the integrals of motion for massive particles, but some additional 
symmetries might arise in the massless case. For example, while the metric 

ds'^ = dr'^ + r‘^d(f)‘^ ( 2 - 12 ) 

is not invariant under rescaling of r coordinate, massless particles are not sensitive to such 
rescaling, so while 


V = rdr (2.13) 

is not a Killing vector, it does lead to conserved quantities for massless particles. Such 
conformal Killing vectors (CKV) satisfy equation 

VmVat + VatVm = (2-14) 

where v is an arbitrary functions of all coordinates. If n is a constant, then the corresponding 
CKV is called homothetic |26], and such vectors will play an important role in the analysis 
presented in section 14.1.31 

The conformal Killing(-Yano) tensors (CKT and CKYT) are defined as solutions of 
equations 


(2-15) 

fc +1 

i=3 

with coordinate-dependent tensors W and Z. Notice that under rescaling of the metric, 
CKV, CKT and CKYT transform in a simple waj|§, so they survive S duality and transition 
from the string to the Einstein frame. Ordinary Killing vectors have the same feature, as 
long as we impose a reasonable restriction on the dilaton: 

Cye'^'^ = V^dMe^^ = 0. (2.16) 

On the other hand, the ordinary KT and KYT are usually destroyed by coordinate-dependent 
rescaling of the metric, so they exist only in one frame. Conformal transformations of the 
KT and KYT are discussed in Appendix |A| 

^The relevant transformations are derived in Appendix [Yj 


7 





We will mostly focus on rank-2 KT and CKT, and they can be constructed by squaring 
KYT or CKYT: 

ICmN = Wm = 2yMA,...A,_,Z^^-^’^-^. (2.17) 

For rank-1 and rank-2 (C)KYT this construction is well-known, and direct computation 
shows that it works for all k. 

Conformal Killing tensors ICmn with Wm = have a special property: they can be 

extended to the standard KT Kmn by 

Kmn = k^Mv + mn‘ (2.18) 

To see this one can take a covariant derivative of fl2.18p and symmetrize the result: 

^ [mK^p) = V [m^np) + y^iMfpgNP) = 0. (2.19) 

This construction will be illustrated in section 12.31 by comparing KT and CKT for rotating 
black holes. 

2.2 Killing tensors and the Hamilton—Jacobi equation 

Solutions of the equation for the KT, 

pKmn +'^ mKnp +'V nKpm = 0 ( 2 . 20 ) 

form a linear space, in particular, a ‘trivial subspace’ is spanned by combinations of the 
metric and Killing vectors, 

= eoQMN + Y, e,YMVil\ (2.21) 

hi 

with constant coefficients Cq, eij. In this subsection we will establish a one-to-one correspon¬ 
dence between nontrivial Killing tensors and separation of variables in the Hamilton-Jacobi 
equation 

g^^^OMSd^S + fi^ = 0. ( 2 . 22 ) 

2.2.1 Killing tensors from the Hamilton—Jacobi equation 

There are several notions of separability for equation 02.221) . and we focus on the standard 
one by assuming that 


S = S{Xi, ...Xk) + S{Xk+l ■ ■ - Xn). 
This assumption can be generalized to R-separability as 


(2.23) 


S = S{xi, ...Xk) + S{Xk+l ...Xn) + So{Xi ...Xn) 


(2.24) 








where So{xi... Xn) is a known function of its argument^ [27]. However, this generalization 
will not play any role in our discussion. 

Equation (I2.22p separates as (12.231) if and only if three conditions are satisfied: 

(a) Coordinates x^ can be divided into cyclic coordinates z and two other groups, which 
will be denoted by x and y. The metric does not depend on coordinates z. 

(b) There exists a separation function /, such that 

gMN ^ 1 ^ ^ = dyX^^ = 0, = 0, = 0. (2.25) 

(c) Function / can be decomposed as 

f = fx- fy, dyf^ = 0, d^fy = 0, = djy = 0. (2.26) 

Conditions (a)-(c) allow us to rewrite equation fl2.22p as 

X^^duSdnS + pV. = -Y^^dMSdnS + fi^fy, (2.27) 

where the left-hand side depends only on x, and the right-hand side depends only on y. 
This implies that 


j = dMSd^S (2.28) 

must be an integral of motion, and as such it must be associated with a Killing tensor: 

(2.29) 


/ = K^^dMSdNS. 


We conclude that separation of variables (a)~(c) is associated with Killing tensor 

f f -v^MV I f \rMN 

j^MN _ j^MN _ _ Jy^ "r Jx^ 


(2.30) 


If condition (c) is not satisfied, then equation (12.221) separates only for /i = 0, and the 
associated conformal Killing tensor is 


j^MN _ j^MN 


(2.31) 


After reviewing the standard procedure for extracting the Killing tensor from separation 
of variables m IT6] . we discuss the inverse problem: recovery of separation from a given 
Killing tensor. 

"^The counterpart of (12.241) for the Schrodinger equation is 

= X(xi . ..Xk)Y{xk+l . ..Xn)'^oixi ...Xn) 
with known function 4)'o. For non-trivial this is known as R-separation |23] . 
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2.2.2 Separation of variables from Killing tensor 

Every Killing tensor gives rise to an integral of motion via (I2.29p . and such constant must be 
associated with separation of variables as in (I2.28p . While the separation functions {fx, fy) 
and the corresponding tensors are encoded in the Killing tensor, extracting 

them requires further analysis, and as we will demonstrate, this analysis may lead to an entire 
family of the Killing tensors which can be constructed algebraically from one representative. 
Schematically our results can be represented as 


Eigenvalues 
of KT 


separation 


m-parameter 
family of KTs 




m conserved 


charges 

To justify the usefulness of eigenvalues we recall equations (12.25^ and (12.30^ : 


(2.32) 


gMN _ ^ 


f _i_ f \^MN 


f 


and consider an eigenvalue problem: 

K^^Zn = Ag^^ZN- 


(2.33) 


(2.34) 


Assuming that metric has at least one non-cyclic direction^ x and that there is at least one 
component ^ 0, the M = x component of fl2.34l) becomes 


-ljX^^ZM = AjX^^ZM ^ A = -fy. (2.35) 

In other words, some eigenvalues of the Killing tensor give the separation functions, and 
corresponding eigenvectors can be used to recover the relevant tensors (^x ^^The 
cyclic coordinates complicate this construction, so they should be ignored to recover the sep¬ 
aration function and added back in the end. Specihcally, we propose the following procedure 
for extracting the separation function from the Killing tensor: 


(1) Find the eigenvalues and eigenvectors of the KT: 


Kmn — 




(a) (a) 
'M 1 


Qmn — 


E 


'M ■ 


(2.36) 


Notice that some eigenvalues may vanish of be degenerate. 
(2) Build the projector^ 


p(“) _ „(“)„(“) 

-'MV — ■ 

^This assumption is violated only for flat space in Cartesian coordinates. 

®To avoid cumbersome formulas, we focus on non-degenerate eigenvalues. In general the left hand side 
of (j2.,37l) should refer to an eigenvalue A and the right-hand side should contain summation over all a with 
Aa = A. Since degeneracy clutters notation without introducing new effects, we use (12.371) . 
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Projector P will be called cyclic if 

^ = 0 for all (a, 6). (2.37) 

N 

If all projectors are cyclic, the Killing tensor can be built from Killing vectors and the 
metric. 

(3) Remove all directions associated with cyclic projectors and construct the reduced metric 
and Killing tensor: 


j^red 
^MN — 


5 

9m N = 

/ Pm 


_ a 

red 


_ a 


Non-cyclic components of equation fl2.20p imply that is a Killing tensor for gM^- 

Nontrivial and q^mn imply that Killing tensor cannot be constructed from the 

Killing vectors and the metric. 

(4) Separation of variables implies that 

= y/^dx°', djdklyigm = 0 for different {i,j,k). (2.38) 

M 

Then analysis of the Killing equations shows that generically the reduced metric and 
Killing tensor must have the form 

dSrgd ^ ^ 9k jdXk) , Kred ^ ^ Afc^fc(dXfc) , 
k k 

gk = hkixk) - Xj], Aj = djA, (2.39) 

where A(xi... x„) is a linear polynomial in every (xi... Xn) symmetric under interchange 
of every pair of arguments. 

(5) Separation of variables in the reduced metric is accomplished by multiplying the reduced 
HJ equation by 


Pk = 

j¥=k 

Then the reduced HJ equation can be written as 

n—1 

— {dkSf = ^(Xfc)^/^^^(xi . ..Xk-l,Xk+l . ..Xn), 

^k - r, 


(2.40) 


(2.41) 
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which implies that all must be constan10. This construction separates variable Xk, 
and other coordinates can be separated in the same fashion 

(6) After coordinates (xi... Xn) have been constructed, cyclic directions can be added back, 
and upon mnltiplication by fl2.40p the complete d-dimensional HJ eqnation takes the 
form fl2.4ip . This follows from the fact that K from fl2.36p was a Killing tensor for the 
d-dimensional metric. 

(7) A given Killing tensor corresponds to a particular function A in fl2.39p . and a family of 
Killing tensors for the reduced metric can be constrncted by keeping the same coordinates 
and introdncing an arbitrary polynomial A. 

Steps (l)-(7) ontline onr constrnction, and the details and justification are presented in 
the Appendix IB. II A different approach to separation fnnctions and Killing tensors was 
developed in [28], and our results are consistent with theirs. 

Expressions fl2.39p generalize Jacobi’s ellipsoidal coordinates [29] to curved space, and we 
derived them assnming that the dependence on (xi... x„) is generic. Specifically we assnmed 
that gi depends on all n coordinates. It is also possible to have some degenerate cases where 
some Xj does not appears in gi^ bnt snch solutions can be obtained by taking some singular 
limits of the ellipsoidal coordinates. In the appendix IB.21 we review such singular limits for 
the ellipsoidal coordinates in flat three-dimensional space. 

To snmmarize, in this snbsection we clarified the relation between Killing tensors and 
separation of variables. It is well-known that separation of variables leads to a Killing tensor, 
which is associated with a conserved qnantity [13IIS]^ bnt in higher dimensions, where the 
metric can depend on three or more variables and may admit more than one nontrivial 
Killing tensor, the correspondence is more interesting. As illustrated in the diagram fl2.32p . 
a single separation of variables may give rise to a family of Killing tensors, and the entire 
family can be constrncted from a single member by stndying its eigenvalnes. In section [3] our 
construction will be applied to an important example of the Myers-Perry black hole, and in 
section 15.11 it will be extended to the charged version of that solntion. Bnt first we discuss 
the additional symmetry strnctnres which appear when the geometry admits a Killing-Yano 
tensor. 

2.3 Killing—Yano tensors of various ranks 

While Killing-Yano tensors (KYT) of rank two are well-known from general relativity in 
four dimensions, the objects with higher rank are less familiar, so in this snbsection we will 
present several examples of snch Killing-Yano tensors and discuss their relation to Killing 
tensors. 

^Integrals of motion are closely related to the separation constants which arise from breaking the HJ 
equation into pieces using Stackel determinant. A detailed discussion of the Stackel’s method can be found 
in chapter 5 of [27]. 
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Recall that the Killing-Yano tensors are dehned as solutions of equation fl2.9p 

V(MhAr)Pi...pj^_i = 0, Ypi...p;, = (2.42) 

As reviewed in section 127X1 any Killing-Yano tensor leads to a Killing tensor via (I2.1ip . For 
example, any d-dimensional space admits a trivial KYT of rank d, which is dehned as a 
volume form, and it squares to the metric. Nontrivial KYT may square to the metric as 
well, as illustrated by our hrst example: a space that has a factorized form 

ds"^ = gmn{x)dx'^dx'^ + hf,y{y)dy^dy‘', (2.43) 

where two subspaces have the same dimensionality n. Then volume forms on x and y spaces 
give rise to a family of Killing-Yano tensors: 


Y = CiVolg + C 2 Vol/i 

KMNdX^dX^ = {n- 1)! [c\gmn{x)dx^dx^ + clh^,{y)dy^dy'^] . (2.44) 

It is clear that a non-trivial KY tensor can square to the metric as long as c{ = c^. For 
generic values of constants ci and C 2 Killing tensor has two distinct eigenvalues, and each of 
them has degeneracy n. 

A large class of geometries admitting Killing-Yano tensors comes from rotating black 
hole^, and in the next section we will construct the KYTs for black holes with arbitrary 
number of rotations. Before performing this general analysis we review the situation for 
the well-known example of the Kerr black hole [3T] and extract important lessons from it. 
The non-trivial Killing tensor for the Kerr geometry was constructed by Carter [15] , and we 
begin with rewriting the metric in convenient frames dehned as eigenvectors of that KT: 


ds^ = 

et = 
A = 


2 I 2 I 2 I 2 

—+ e^ + eg + e^. 


— as^dcp), 60 = — [(r^ + a^)d4> — adt\ , = -^dr, eg = pdO, 

P P V A 

r‘^ + a^ — 2mr, = r'^ + ce = cos9, S 0 = sm9. (2.45) 


Then expressions for the Killing and Killing-Yano tensors become very compact: 

K = r‘^ [e| + ef\ + {acef [e^ - e^] , Y = ree A 60 + {ac 0 )er A 6 *. (2.46) 

We observe that the eigenvalues of K (r^ and — (ac^)^) appear in pairs, and Y is constructed 
from these eigenvalues and corresponding eigenvectors in a simple way. As we will see 
in the next section, this double degeneracy persists in all even dimensions. Notice that the 
separating function dehned in the previous subsection is equal to the diherence of eigenvalues, 
and in the present case equation fl2.26p becomes 

fx = fy = -(ace)^ f = r^ + (ac^)^. (2.47) 

® Another interesting class of geometries admitting Killing-Yano tensors comes from putting D-branes on 
singular points of Calabi-Yau manifolds. Killing-Yano tensors for Sasaki-Einstein manifolds appearing in 
this construction have been recently constructed in [30) . 
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In odd dimensions the sitnation is different^, and to get some insights, we look at a 
rotating black hole in hve dimensions [2l]. Solving eqnations for the Killing-Yano tensor, 
constrncting the corresponding KT, and defining the frames as its eigenvalnes, we find 


ds^ = -e^t+el + el + el + el, 

K = [el + el] + {acef [e^ - el] + [r^ - {acef]el, 
Y = [reg Ae^ + {acg)er A et] A e^. 

The frames are defined by 

et = — asld(j)), e^ = — [{r"^ + a^)d<j) — adt] , 

er = -^dr, eg = pd9, ep = rcgdip, 

V A 

A 2|2 7\/f 2 2,22 

A = r+a—M, p = r + a Cq. 


(2.48) 


(2.49) 


Notice that eigenvalnes of K come in two pairs and one special valne corresponding to e^. 
In the next section we will demonstrate that this pattern persists in all odd dimensions with 
arbitrary nnmber of rotations. As expected from fl2.26p . the separating fnnction / is eqnal 
to the difference of two non-cyclic eigenvalnes 

fx = fy = -{acgY, / = + (acgf, (2.50) 

bnt now the Killing tensor has an additional eigenvector associated with cyclic coordinates, 
and the corresponding eigenvalne is 

= fx + fy = r‘^ - {acgf. (2.51) 

Analysis of section 12.21 did not pnt any restrictions on cyclic eigenvectors and eigenvalnes. 

In addition to the standard KYT, rotating black holes may admit a conformal KYT, 
which satisfies eqnations 02.1511 and gives rise to a conformal KT (CKT) via 02.17p . In 
particnlar, the CKYT and CKT for the Kerr metric (12.451) are 

2777, T’ 

y = rer Aet- {acg)eg A e^, Z = dt - 

pv A 

/C = r^[el-el] + {aegf[el + ell W =-d^ - (2.52) 

and for the rotating black hole in five dimensions (I2.49p they are given by 

M 

y = rer Aet- {acg)eg A e^, Z = dt - j=et, 

pv A 

/C = r^[el-el] + {acgf[el + ell W =-d[r^ - a^l]. (2.53) 

®Since the number of eigenvalues is odd, the double degeneracy is not possible. To avoid unnecessary 
complications, we write (I2.48P for one rotation, more general case will be discussed in the next section. 
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Notice that vectors W appearing in fl2.52p and fl2.53p are written as gradients of scalar 
functions, which means that they give rise to standard Killing tensors via fl2.18p . Direct 
calculations show that application of (I2.18p to (I2.52p and (I2.53p leads to the Killing tensors 
given in (I2.46p and (I2.48p . Conformal KYT (I2.52p and (12.531) will play an important role in 
the general analysis presented in section 01 


3 Example: Killing—Yano tensors for the Myers—Perry 
black hole 


In this section we construct a family of Killing-(Yano) tensors for the Myers-Perry black 
hole using the techniques introduced in section 12.21 The cases of odd and even dimensions 
have to be treated differently, so we begin with MP solution in even dimensions (d = 2n + 2) 

[211132]: 


ds^ = —dt^ + [dt + aiiJfdcj)^ 


FR 


i=l 


+ 


FRdr^ 
R — mr 


n 

+ 

i=l 


+r‘^da^ 


(3.1) 


Here variables (pj, a) are subject to constraint 


^=1 


and functions F, R are dehned by 


F 


n 


k=l 


^2 _|_ a 


2 ’ 
k 


R 


Ylir^ + al). 

k=l 


(3.2) 


(3.3) 


To hnd the KYT for the geometry fl3.1l) we observe that the square of the KYT gives a 
KT with some components along non-cyclic coordinates, so following the general procedure 
outlined in section 12.21 we begin with looking at the non-cyclic part of the metric: 


ds 


2 _ 
NC ~ 


FRdP 
R — mr 


n n 2 

+Y(’’^+“i (<^11 “ Y ■ 


(3.4) 


As demonstrated in section 12 .2.21 in the appropriate frames the Killing tensor and geometry 
fl3.4p must have the formic 


Kmndx^dx^ = Y,^m{e^)^ (3.5) 


this section we have to distinguish between e“ = e%[dx^ and Cq = c^Om, so the frame indices are 
written in the appropriate places. In the rest of the paper we abuse notation and write Ca = e^dx^ to 
simplify formulas. 
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where 


hr. 


[Xr 


ni 

_k^m 


Xk] 




^m^{XQ . . . CCjj), 


(3.6) 


and A is a symmetric polynomial linear in every argnment. To determine the new coordinates 
(xi... Xn+i) in terms of (r, /ii... /in) we begin with m = 0 case when metric (13.41) becomes 
flat and the relation between (xq ... Xn+i) and (r, /ii... /in) is given in terms of well-known 
ellipsoidal coordinates [27]: 


xo = 


(cZj/ii) 


1 

—+ Xk), c^i =“ ®fc)- 

* k=l k^i 


Note that here the variables are arranged in the following order 


> 0 > a:i > —a^ > X 2 > —a^ > ■ ■ ■ > Xn > —«„• 


(3.7) 


(3.8) 


It tnrns out that mass does not spoil this relation, and in terms of (xq ... Xn) metric (13.41) 
takes the form (I3.5p - (I3.6I) : 


dr 


e = 


y/R 


mr 


Illir^-Xk), e^^ = -dxi 

\ 


-XiH, 




(3.9) 


k^i 


From now on Latin indices take values (1... n), and we also define convenient quantities di, 
Hi and rewrite FR in terms of the new coordinates: 


di = Y\_ixi - Xk), Hi = Y\_{xi + al), FR = Y\_{r‘^ - Xk). 

k^i k k 


(3.10) 


So far we have ignored the cyclic coordinates since components of the Killing tensor in 
these directions contain an ambiguity of adding an arbitrary combination of Killing vectors: 


KMN V„ = 9,, V) = 


(3.11) 


a.b 


Once the proper non-cyclic coordinates (xq ... Xn) are found, we can determine the remaining 
components of the Killing tensor by studying the separation of variables associated with it. 
Specihcally, we look at the Hamilton-Jacobi equation associated with (13. Ih and write it in 
coordinates (xq ... x^): 


E 


AHi{-Xi) 
(r2 - Xi)di 


{diSf + 


R — mr 
FR 


{drS)^ + g^^daSd,S 



(3.12) 
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To separate r coordinate, we have to multiply the last relation by 

- Xfc) (3.13) 

k 

and introduce integrals of motion as coefficients in front of various powers of r. Then we 
will hnd 


{R — mr){drSY = (3-14) 

k=0 

Notice that one Killing tensor leads to several integrals of motion, while the standard pre¬ 
scription [iHl HE] allows us to construct only one: 

I = K^^OmSOnS. (3.15) 


The ‘extra’ conserved quantities came as the result of our analysis of eigenvalues: the coor¬ 
dinates (r^, xi... Xn) dehne a family of the Killing tensors parameterized by the polynomial 
A, and the coordinates can be extracted from any special solution. Then starting with any 
member of the family and analyzing its eigenvalues, we can recover other Killing tensors by 
changing coefficients in A, as summarized by fl2.32p . 

Extraction of the explicit expressions for R is straightforward, but we will be interested 
in a different aspect of 03.141) . To extend the relations 03.5p beyond non-cyclic variables, we 
should identify the relevant cyclic frames, in particular, they should form pairs with and 
e.>. p1 . To extract the partner of e^, we set (r^ — Xj) —0 in 03.14|]|^ . then the right-hand side 
coming from 03.12|) contains only one frame: 


et oc 


9.-5: 


di 


+ aj 




Raising the index and normalizing this frame, we hnd 


(3.16) 


Gi = ]^(a:fc -|- a^) (3-17) 

k 

To extract the remaining frames, we write a counterpart of 03.141) by multiplying 03.12p by 

Pi = - Xi) ]^(a:i - Xk) = (r^ - Xi)di. (3.18) 

k^i 

^^This follows from the existence of the Killing-Yano tensor, as discussed below. 

^^This is a very formal manipulation: although we set (r^ — Xi) —>■ 0 for all i, we assume that Xi — Xj 0. 
The goal of this operation is to remove all x-dependent terms from (13.141) . We also recall that (13.141) comes 
from multiplying (13.121) by (13.131) . 


e‘ = 


R — mr 
FR 


dt + ^ 


aicj 


^(pi 
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This gives 


i k=0 


As before, we formally replace (r^ — xi) and {xj — Xi) by zero to extract 


Ci oc 






ai + Xi 


^ e* = 


Hi 


di{r‘^ - Xi) 


dt + 


Gk{r^ + al) 

ttkclixi + al) 


d<pk 


. (3.19) 


For future reference we summarize the frames and notation associated with Myers-Perry 
black hole in even dimension^ 


e = 


e = 


et = 


Ci = 


R — mr 
FR 


dt + '^ ^^d(t)k 

k 


e" = 


FR 


R — mr 


dr, 


H 


diir"^ - Xi) 


dt + 


GkiF + al) 
akclixi + al[ 


■d(j)k 




(r2 - Xi)di 


AxiHi 


dxi 


i?2 


FR{R — mr) 




r2 + al 


H, 


diir"^ - Xi) 


«.-E 


k ' 

^k 


Cr — 


R — mr 
FR 


dr 


Xi + a 


2 


AxiHi 


diir"^ - Xi) 


dr 


(3.20) 


di 

R 


JJ(xi-Xfc), Hi = Y\{xi + al), Gi = JJ(xfc + a-), 


k^i 


Y[{r^ + al), FR = Y[{r‘^ - Xk), 


4 = ® 

k^i 




In terms of frames 03.201) the metric and the Killing tensor become 
ds^ = -(e^^ + (R)^ + 5^[(e"'=)2 + {e^)% 

k 

A'mn*"*" = A,|-(e‘)" + (e’-)"] + AtKe**)" + {rf]. 


(3.21) 


Here and A^ are symmetric polynomials, as guaranteed by the general construction of 
section 1221 The most general KT is obtained by adding Killing vectors (see (lO.llh ) and the 
metric to the last expression, and this leads to modihcation of eigenvalues. We are primarily 
interested in KT that comes from squaring a Killing-Yano tensor, this requires a double 
degeneracy in the eigenvalues, so 03.2ip is the most natural choice. 

i^See (ESI), (EZl), (ESP, (ITTUl) . (ITTtI) . (ITTOl) . 
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The simplest KYT is the volume form, 

r(2-) = e* A e" A JJ [e"'= A e^] , (3.22) 

k 

and its square gives a trivial KT with = 1 in fl3.2ip . Experience with KYT for the 

Kerr metric suggests that there is also a KYT of rank 2(?7, — 1) and it should have the form 


y(2n-2) = A, JJ A e^] + e‘ A 


. i k^i 


In the four-dimensional Kerr metric we had 

Ar = \/^, Ai = \/— xi, Ar = xi, Ai = r^, 

and generalization to higher dimensions is straightforwarcj^: 


= \/^, Afc = -y/-Xk, Ar = '^Xk, Ai 


= r 


k^i 


(3.23) 


(3.24) 

(3.25) 


Direct calculation shows that (13.231) with (13.251) solves the equation for the KYT. A clear 
pattern appears: 

To construct a KYT of rank 2(n — k) one should start with US.2B) and symmet¬ 
rically remove k pairs using the rule 

ef A o'" ^ \fr^^ A e* ^ —sJ—Xi. (3.26) 


Then the square of this KYT is the KT \3.21\) with 

Ar = OxqA, Ai = diA, A = xqXi .. .Xk + perm, xq = r^. (3.27) 


For example, for k = 2 this procedure gives 


F(2—4) = A, ^ A,- Yl [e"'= A e^] + e' A e" 




5^A,A^A n [e"'=Ae^] 


.j<m 


k^j,m 


(3.28) 


A^ = Afc = -V-Xfc, A^ = ^ XkXm, Ai = r'^Y^k + Y 


XjX]^. 


k<m 


j<k 


Rather than proving the procedure fl3.26|) we connect it to a very nice discussion of |33l |3ll 
[3511M], where it was shown that a family of KYT can be constructed starting from 


h = ''Y^ o^iTidpLi A Oidt + (r^ + a‘j)d(f)i + rdr A dt + 'Y^ CbitAdcj), 


(3.29) 


^^The sign difference between (13.24^ and (13.25^ is explained by different conventions for Kerr BH (where 
we use Va3 = a) and Myers-Perry BH (where ^/af = Uk) and the relation oi = —a. 
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by applying an operation 


y 2 (n-fc) _ ^ ^ ^3_3Q^ 

While onr eqnations (I3.26p . (I3.27p give simpler expressions for the KYT and KT dne to 
the nse of convenient frames, they rednce to the constrnction fl3.29p - fl3.30p once fl3.29p is 
rewritten in the frames fl3.20l) : 

h = re'’ A e* + ^ i/—Xje^* A eh (3.31) 

i 

Construction fl3.3np - fl3.3ip is proven in Appendix [Cl and here we just outline the steps: 

1. Expression fl3.3ip gives a conformal Killing-Yano tensor (CKYT) for the Myers-Perry 
black hole, and the two-form h is closed. 

2. The product y = [f\h^] has the same properties as h (i.e., it is a closed CKYT). 

3. A Hodge dual of any closed CKYT is a KYT. 

Justihcations of these statements are scattered throughout the literature [3ZIESIE5], and 
Appendix O provides streamlined derivations. Construction fl3.30p - fl3.3ip of the KYT will 
be extended to a charged black hole in section 15.11 


We conclude this section by a brief discussion of the Myers-Perry black hole in odd 
dimensions. Instead of starting with (13. ip one should begin with 

= —dt‘^ + (dt + > (3.32) 


2 = 1 


2=1 


then repetition of the previous analysis leads to the counterpart of (13.201) : 


e = 


e = 


et = - 


^2 


R — mr'^ 
FR 


dt + ^ d(j)k 


e' = 


FR 


R — mr'^ 


dr, 



dt + j2 


+ al) 




'diir"^ - Xi) 


dxi, 


k 








Xi + a 


2 


€r — 




R — mr'^ 
FR 


dr, 


(3.33) 


4:Hi 


di{r‘^ - Xi) 




and to one more frame that was not present in the even-dimensional case: 

^'ijj 


= 


Uaf 


r’^Ui-^k) 




clak 


Ual 




a. - Y 


(3.34) 
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Notice that one of the relations fl3.7p between Myers-Perry and ellipsoidal coordinates is 
modiheci^: 


hi 


-l It — ± 

+Xk). 

k=i 


This leads to a new expression for 


FR = ~ ^k) 

k 


and we still have the remaining relations 


di 

R 


JJPXi - Xk), 

k^i 

n 

]^(r^ + 

k 


Hi = + al), 

k 

Ci = Yliai - al). 

k^i 


n—1 

Gi = + al), 

k 


(3.35) 


(3.36) 


(3.37) 


Note a very special form of the relative coefficients in frames ta- they depend only on r in 
Ct, only on Xi in Cj, and they are constant in ep. 

The Killing-Yano tensors are still given by constrnction fl3.30p with 


h 


(3.38) 


The separation factors are 

n—1 

Pr = r^W{r^ - Xj), Pi = Xi{r^ - Xi)'^[xi - Xk\. (3.39) 

j k^i 

This rednces to fl3.13p . fl3.18p if we introdnce x^ = 0. 

4 Killing(—Yano) tensors and string dualities 

In this section we will analyze transformations of varions tensors nnder string dnalities. 
Specihcally, we will focns on T dnalities along U{1) isometries and assnme that Killing- 
(Yano) tensors do not depend on coordinates parameterizing the isometries. We will also 
consider larger classes of U dnality transformations. Onr resnlts are snmmarized below: 

^^Notice that in contrast to the even-dimensional case, where were not constrained, now there is a 
relation ki — as a consequence, there only n—1 coordinates Xi. 
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• Generically, the Killing vectors depending on the direction of T duality are destroyed 
(as we will show in section l4.1.2p . and Killing vectors with trivial dependence on the 
duality direction survive the duality, as long as original fluxes respect the symmetry 
associated with Killing vectors (see section H.l.ip . 

• Conformal Killing vectors are destroyed by the T duality with an exception of the 
homothetic CKV. The latter acquire nontrivial dependence upon the duality direction 
in the dual geometry (see section H.l.dh . 

• KT equation remains the same, but there are constraints on the B field and the dilaton 
(I4.67p . (14.511) . (see section 

• Extension of T duality to the CKT is possible only for special solutions, and some 
examples are presented in Appendix ID. 51 

• KYT equation is modihed by terms containing the Kalb-Ramond field (14.721) . and 
there is an additional constraint fl4.73p (or, more generally, fl4.77p ) on this held (see 
section ra . 

• Extension of T duality to CKYT is possible only for special solutions. 

We will now discuss all theses properties in detail. 

4.1 Killing vectors and T duality 

In this subsection we will analyze the transformations of the Killing vectors under combina¬ 
tions of T dualities and reparametrizations. The most natural formalism for such study is 
provided by the Double Field Theory (DFT) [22], which is reviewed in Appendix |H1 and a 
very simple interpretation of our results in terms of this approach is presented in the end of 
section 14.1.11 

We will begin with a pure metric 

ds‘^ = e'^[dz + -|- gijdx^dx^, Bmn = 0 (4.1) 

that admits two Killing vectors, Z = dz and V = V^Om, and study the transformation of 
vector V under T duality along z direction. We will look at three situations and the results 
are summarized as follows: 

(a) The ^-independent vectors V (i.e., vectors commuting with Z) have counterparts after 
T duality, and the transformation law is derived in section 14.1.11 

(b) The ^-dependent vectors V (i.e., vectors with [V, Z] ^ 0) may be destroyed by the 
duality transformation, and in general the numbers of such vectors before and after T 
duality do not match. Some examples are discussed in section 14.1.21 
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(c) Conformal Killing Vectors of the original geometry are destroyed by T dnality unless 
one introduces 2 ;-dependence in the dual frame. This construction is discussed in section 

In case (a) we will hnd an additional constraint on the Kalb-Ramond held after duality: 

HmnpV^ = Vm^Vv — VatITat, with arbitrary hVv, (4.2) 

and we will demonstrate that any geometry that has a Killing vector V satisfying fl4.2p can 
be dualized in a direction commuting with V without destroying the Killing vector. We will 
also show that condition fl4.2p arises naturally from the equation for a Killing vector in DFT. 

4.1.1 Killing vectors commuting with T duality direction 

Let us hrst assume that geometry fl4.ip solves Einstein’s equations without B held, and that 
it admits a Killing vector V: 


+ VatVm — 0 (4.3) 

which commutes with Z = d^. In Appendix ID.21 we perform dimensional reduction of this 
equation in geometry fl4.ip before and after T duality in z direction. Using tildes to denote 
the quantities after T duality, we hnd various components of fl4.3p and its dual counterpart: 



mVn + 'V mVn = 0 

mVN + 'V nVm — 0 

zz : 

mz : 

mn : 

d^CV'' = 0 
FmrV^ = dm{e-^V,) 

ijmyn ynym ^ g 

= 0 

dmie^V) = 0 

ynym ^ g 


Here V denotes the covariant derivative corresponding to metric gij. 
Comparison of two columns on fl4.4l) leads to the transformation law 

W = W, V^ = = const. 


(4.5) 


Relation fl4.5p ensures that the Killing equations after T duality are satished, but the (mz) 
component of the original equation imposes a constraint on the new B held: 

Bmz = Am HzmpV^ = dm{e~^Vz). (4.6) 


Notice that this is the only relation in the dual frame that contains the original 14- 

The implications of the constraint fl4.6p are analyzed in Appendix ID.31 where it is shown 
that a pair of relations 


VmRv + Vm^jv — 0, 

HmnpV^ = VmWn - VnWm (4.7) 
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is preserved by T duality as long as one imposes the the transformation 


W, = -e-^K, K = -e-^W,, 

Wr, = Wr,- + dnf, (4.8) 


with arbitrary function /. Although we motivated fl4.7p by starting with a pure metric, the 
map (14.8p leaves (14.7p invariant for arbitrary configurations of the B field before and after 
the duality. 

The system fl4.7p is the unique extension of the equation for Killing vector consistent with 
T duality, and in Appendix [H] we show that (14.7p can be written as a single equation for a 
Killing vector on an extended space used in the Double Field Theory (DFT). Specihcally, if 
the metric and the B held are combined in a single matrix flH.ipl^ 


\Bikg^^ Qij - Bikg^^Bij) ’ 


(4.9) 


then equations fl4.7p appear as different components of a single equation for 

L{}-Lmn = i^dpl-iuN + — d^^M)BpN + — d^^N)'HMP = 0 (4-10) 

Here = (Ai,A*) is the generalized gauge parameter, where A* corresponds to the gauge 
transformation of the Kalb-Ramond held Bij and A* generates diheomorphisms. Equation 
(I4.10p . which involves the generalized Lie derivative in double space L^, implies that the 
system fl4.7l) is covariant under combinations of diheomorphisms and T-dualities. 


4.1.2 Killing vectors with 2 ; dependence 

In the previous subsection we assumed that components of the Killing vector V did not 
depend on the direction of T duahtj0 and demonstrated that components of the Killing 
vector transform in a simple way (14.8p . Here we will use several examples to argue that 
situation for the 2 :-dependent Killing vectors is rather diherent: even the number of such 
vectors can be changed by application of T duality. 

We begin with the simplest example of a pure metric 

ds"^ = f{dz^ + dy^) + gmndx'^dx'^ (4.11) 

which admits a Killing vector corresponding to rotations in the {y, z) plane: 

V = yd^-zdy. (4.12) 

^®In equations (I4.9|1 - (I4.10I1 and in Appendix |H] we deviate from the notation used throughout this paper 
and denote the spacetime indices by lower-case letters, while reserving the capital ones to label the “double 
space”. This notation is standard in the DFT literature. 

^^In covariant form this condition is written as \Z^V] =0. 
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Performing the T duality along z direction and solving equations for the Killing vector in 
the dual conhguration, 


dz^ 

ds^ = — + fdy^ + Qmndx'^dx"-, (4.13) 

we hnd that there are only two KVs with nontrivial {y, z) components: 

V = cidy + C2dz (4.14) 

unless / = const, where there is also a counterpart of fl4.12p : 

V = fyd^-zdy. (4.15) 

We conclude that the z-dependent Killing vector fl4.12|) disappears unless / is equal to 
constant. 

The same phenomenon can be seen in a more interesting geometry produced by smeared 
fundamental strings |38j : 

7-p 

ds^ = H~^{dz^ — dt^) + + Pd^lp + ^ dxkdxk, 

k=l 

B = {H-^ -l)dtAdz, = H=l + ^. (4.16) 

The most general Killing vector with (z, t) components has the form 

V = cidt + 02^2 + + zdt). (4.17) 

T duality along z direction leads to a metric produced by a plane wave, which has only two 
independent Killing vectors with components in (t, z) directions: 

V = cidt + C2d^. (4.18) 

Once again, z-dependent Killing vector disappears after T duality. In section 14.31 we will 
encounter a similar situation with Killing-Yano tensors (KYT): at hrst sight they seem to 
be destroyed by T duality. To cure this problem we will modify the equation for KYT by 
adding an extra term containing the Kalb-Ramond held. This solution would not work in 
the present case: since the geometry dual to fl4.16p does not contain matter helds, the original 
equation fl4.3p is the unique relation consistent with invariance under diffeomorphisms. 

To summarize, we conclude that ^-dependent Killing vectors can appear and disappear 
under T dualities, so they don’t have well-dehned transformation properties. We expect 
the situation to be at least as bad for the Killing(-Yano) tensors, so in sections 14.21 and 
14.31 we will focus only on ^-independent objects. However, 2 ;-dependence can lead to very 
interesting effects for conformal Killing vectors, which will be discussed now. 
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4.1.3 Conformal Killing Vectors and T duality. 

Conformal Killing vectors (CKV) do not leave the metric invariant, but rather they lead to 
rescalings by a conformal factor. Such vectors satisfy differential equation 

mVn+ nVm = Qmnv, (4.19) 

with some function v. Dimensional reduction of this equation gives the counterpart of (I4.4[l^ 



VmVat + VatVm — 9mnv 

VmVat -b VatVm — Qmnv 


= e^v 

\dre~^V'^ = e~^v 

mz 

= d^{e-^Vz) 

dm{e^V,) = 0 

mn 

_j_ 

^myn _j_ ^nym _ gmn~ 


Imposing the relation V"' = V”, we conclude that v = v, then [zz) components 
contradiction unless C is a constant or v is equal to zero. To cure this problem, we 
dependence in the conformal Killing tensor after duality and replace (14.20^ bjo 


(4.20) 


lead to 
allow z 



VmVv + VatVm = Qmnv 

^ mVN + VatVm — 9mnv 

zz 

mz 

mn 

= e^v 

Fn^rV^ = dUe-^Vz) 

^myn _j_ ^nym _ gmUy 

dzVz + ldre~^V^ = e~^v 
dmie^V.) + dzVm = 0 

^myn _j_ ^nym _ gmn~ 


(4.21) 


Once again setting 

= V”, v = V, 

we find a system of equations for 

V^drC = 2v, = 2v, dmV^ = 0 


(4.22) 

(4.23) 


since the original CKV V does not depend of 2 :. Integrability conditions for the last two 
equations imply that v must be constant, so the CKV V must be homothetic. A simple 
example of a homothetic KV comes from rescaling of the fiat space by a constant factor: 

= TjMNdx^dx^, VMdx^ = tjmnx^ dx^, v = 1. (4.24) 


To summarize, for every homothetic CKV we find the complete set of transformations, 
ym ^ ym^ y ^ ^ ^ COUSt, = 2zV + COTlSt (4-25) 


that produces a CKV after T duality. Non-homothetic conformal Killing Vectors are de¬ 
stroyed by T duality. 

^®Recall that we are starting with a pure metric, so there are no gzm components after duality. Reductions 
(I4.20|) and (14.211) follow directly from Appendix ID.21 

^®Notice that introduction of 2 dependence after duality puts the initial and final system on a different 
footing. Similar situation is encountered in the non-Abelian T duality [39j . but there an analog of 2 - 
dependence is introduced for the dynamical fields, while here we are looking at the Killing vectors. 
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4.2 Killing tensors in the NS sector 

In this subsection we study the behavior of Killing tensors (KT) under 0{d,d) transforma¬ 
tions, which include boosts, T dualities and rotations, and then extend the construction to 
the full NS sector by incorporating transformations involving S dualities. 

As discussed in section [2^ equation fl2.20p has reducible solution spanned by combinations 
of the metric and Killing vectors, 

= eodMN + (4.26) 

ij 

with constant coefficients Cq, eij. In section 04] we showed that Killing vectors are preserved 
by the 0{d, d) transformations if conditions (14.7p are satisfied. This implies that the ex¬ 
pression (I4.26P for the “trivial Killing tensor” holds for the entire 0{d, d) orbit. Here we 
will focus on non-trivial Killing tensors, which can be either destroyed or modihed by T 
duality, and we identify a subset of 0{d, d) transformations which do not lead to destruction 
of a nontrivial KT. The non-trivial Killing tensors can be found either by solving equation 
fl2.20p or by separating the Hamilton-Jacobi equation [15], and the second approach is more 
convenient for the study of T duality. The relationship between Killing tensors and sep¬ 
aration of the massive Hamilton-Jacobi equation has been reviewed in section 12.21 and in 
this subsection these results will be extended to charged solutions. An alternative approach 
based on dimensional reduction of KT equation is discussed in Appendix ID. 41 

In subsection 14.2. II we focus on the 0{d, d) orbit which generates fundamental strings from 
pure metric, and in subsection 14.2.31 these results are extended to general F1-NS5 solutions. 
As we will see, existence of KT imposes certain restrictions on the Kalb-Ramond held, and 
they are discussed in subsection 14.2.41 Finally in subsection 14.2.21 we use an alternative 
method (dimensional reduction) to derive the covariant form of the constraint on the B 
held. 

4.2.1 Killing tensors and 0{d,d) transformations 

We begin with a pure metric that solves source-free Einstein equations in D dimensions, 
admits a Killing tensor, and has d cyclic directions (ff". Such geometry can be written in a 
reduced form: 


ds^ = Gabidcj)'^ + V^dx^){d(t)^ + V^dx^) + hmndx^dx'^. (4.27) 


This metric has an obvious GL{d) symmetry that rotates cyclic directions into each other, 
but in supergravity this symmetry is enhanced to 0{d, d), which acts on the metric and on 
the Kalb-Ramond B held [40l ITT] . This symmetry is extended further to 0{D, D) via the 
Double Field Theory (DFT) formalism [22], which is reviewed in Appendix iHl 
Specihcally, a 2D x 2D matrix written m. D x D blocks 


M 


G-i -G-^B 

BG-^ G-BG-^G 


(4.28) 
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(4.29) 


is transformed under a global 0{D, D) as 


where 


VtrjVF = 77 , T] 


0 1 
1 0 


(4.30) 


Here 77 is a metric for a group 0{D, D). 

Since we are starting with a pure metric, the initial matrix M is given bj@ 


r 

gam 

0 

0 

gTria 

j^mn 

0 

0 

0 

0 

Gab 

Gam 

0 

0 

n 

^ma 

n 

^mn 


(4.31) 


Parameterizing the 0{d, d) rotations by d x d matrices A,C,D,E as 



r A 

0 

E 

0 

Q = 

1 

0 

0 

0 

c 

0 

D 

0 


0 

0 

0 

lo-d 


■ 



0 Id 


■ A 

E ■ 


0 Id 

. 



Id 0 


C 

D 


1 

0 

1 _ 


(4.32) 


we hnd the transformed metric with upper indices 



AgA^ + EGE'^ Aq 


UMlf = 

qA^ h 



• 

• 


(4.33) 


Here and below G denotes a d x d matrix with components Gab- The survival of the Killing 
tensor under transformation with arbitrary A and B implies that the following four quantities 
must separate: 

/j“‘, /ft”", /G„i. (4.34) 

The hrst three conditions are satished before the 0(d, d) transformation since metric 04.271) 
had a Killing tensor. Separation in the dual frame requires fGab to separate with the same 
function /. Combining this with results of section we arrive at the following conclusion: 

(1) Every KT is associated with a unique function /, which can be determined from the HJ 
equation or from eigenvalues, and with corresponding variables {x,y). 

(2) T dualities and rotations in a sector spanned by cyclic coordinates <pa do not spoil 
separation of variables for a given KT if and only if 

d.dy[fGab] = 0. (4.35) 

^°Note that g®"* and ft.'"" are the components oi D x D matrix G~^. 
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So far we have separated coordinates into cyclic and non-cyclic, but equation fl4.35p suggests 
a more refined distinction: among cyclic coordinates we identify the subsector where fl4.35p 
holds and call the corresponding cyclic directions translational, and the remaining directions 
will be called rotationao. A simple example demonstrates the origin of these names: in the 
metric 


ds'^ = dr'^ + r'^dO'^ + sin^ 6{d(j)^Y + {d(j)‘^Y (4.36) 

coordinate would be called translational and coordinate would be called rotational 
since in this case x = r, y = 9, and f = r'^. For many aspects of our discussion rotational 
coordinates appear on the same footing as non-cyclic ones. 

Once we have demonstrated that the Killing tensor is not destroyed by the 0{d^ d) trans¬ 
formations as long as expressions 04.341) separate, we can ask about transformation laws 
for this tensor. Recall that Killing vectors with upper components were unaffected by the 
0{d,d) transformations, but Killing tensor has a more interesting behavior. The third ex¬ 
pression in 04.341) indicates that the separation function cannot be affected by the 0{d,d) 
transformations since is invariant under them. This implies simple relations for the 
Killing tensors before and after T dualitj@: 

RMN = - fxg^^. (4.37) 


We use tildes to denote the expressions after T duality. As discussed in section 
in the original metric implies that 


separation 


gMN _ ± _|_ yMAfj 

and the last condition in 04.34p leads to an additional relation 


Gab = ^ 


f L 


Xab + Wfe 


(4.38) 


where X,X are functions of x and Y,Y are functions of y. Then transformation fl4.33p . 
g^^ = [AgA^ + EGE'^] , g^^ = Aabg^, g"^^ = g^^ 


gives 


j^ab 


AXA^ + EXE'^ 


^am 


AabX 


bm 


^mn 


^mn 


(4.39) 


Strictly speaking one should define coordinates are rotational and translational with respect to a partic¬ 
ular Killing tensor: the same cyclic coordinate might by translational for one KT and rotational for another. 
Since we are dealing with one tensor at a time referring to a direction as simply translational should not 
cause confusions. 

^^For simplicity we are focusing on Killing tensor which separates two non-cyclic coordinates x and y. 
Generalization to ore coordinates is straightforward, but the notation becomes cumbersome. 
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Along with fl4.37p this completely determines the transformation of the Killing tensor nnder 
the action of 0{d, d). 

To snmmarize, we have demonstrated that transformation (I4.33p preserve the Killing 
tensor as long as all directions 0“ in (I4.27p are chosen to be translational, and all cyclic 
rotational directions are absorbed in hmn- Notice, however, that some components on the 
Killing tensor are modihed according to fl4.37p . fl4.39p . Transformations fl4.33p allow one to 
generate a large class of charged solutions of supergravity starting from a simple neutral 
“seed”, and this technique has been used to generate large classes of charged black holes in 
[lass]. One can also start with a “seed” which already contains a nontrivial Kalb-Ramond 
held, and the generalization of our analysis is straightforward. 

Suppose that metric fl4.27p is supported by the B held and the dilaton which are invariant 
under translations in (j) directions: 


= 0, Ccl)aB = 0. 


(4.40) 


Then application of the rotation fl4.29p with O given by fl4.32p to the initial moduli matrij@ 



1 

qam 

z^aM R 

— V BMb 

r)aM TD 

— W BMm 

M = 

qub 

f^nm 

z^nM R 

— V BMb 

z^nM R 

BMm 

BaMQ^^^ 

D TTKTrn' 

BaM^ 

Gab — BaMQ^^ Bjqb 

Gam - BaMQ^^^B^m 


R /OMb 

R i^Mm 

BnM^ 

n R z^MN R 

fonb — BnMW B^b 

R I.MN R 

^nm BnMi^ nJjVm 



(4.41) 



AgA^ - AQBE^ + EBQA^ + E{G - BQB)E^ Aq + EBQ 


= 

hA^ - QBE'^ h 



• 

• 


The new metric admits a Killing tensor if and only if the following combinations of the 
original quantities separate: 


(4.42) 

In spite of the appearances, conditions fl4.42l) are invariant under gauge transformations 
of the B held. We will demonstrate this for the most interesting case where BaM has both 
legs in the cyclic directions (one of them translational and the other one is either translational 
or rotational). Indeed, separability of the second and third expressions in coordinates {x,y) 
implies that 


fBaMg 


Mb 


fBaMg 


Mm 


fig^ 


ab 


BaMg^^ Bm), 


fg^^, fg^‘ 


da^dyifg^^BMb) = 0, (4.43) 

^^Note that Q is the full inverse metric, for example Q^'^BMb = g°‘^Bcb + q°‘‘‘Bsb- 

^"^Recall that indices of rotational matrices appearing in ()4.32ll go only over specific snbsets 

^as t Bam^ Crnat Brjjim SO for example -^ahQ 
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next recalling that that dxdy{fg^^) = 0, the last condition can be rewritten in the gauge- 
invariant form: 


dy{fg^^)HxMb + dx{fg^^)HyMb + fg^^d^HyMb = 0. (4.44) 

Similarly, separability of the fourth expression in fl4.42p can be rewritten as 

dxdyifgab) - fg^^HyaMHxNb - fg^^HxaMHym = 0. (4.45) 

By construction, constraints on the B held for any point on an 0{d, d) trajectory passing 
through a pure metric are just separability conditions for the initial metric fl4.34|) . 


4.2.2 Conditions on the B field from dimensional reduction 

So far we have been studying transformation of Killing tensors under 0(d, d) rotations using 
separation of HJ equation. Now we will use an alternative approach based on dimensional 
reduction to derive the unique covariant form of the constraint on the B held, and the result 
is given by fl4.5ip . 

Let us start with a standard Killing tensor equation 

+ VatL^mp + VpKTmat = 0, (4.46) 

and perform dimensional reduction of the metric along direction: 

ds^ = e^[dz + Aidx^f' + gijdx^dx^. (4.47) 

The details of such reduction are given in Appendix ID.41 in particular mnp components of 
the Killing tensor equation (I4.46p 

ynj^vap ypj^mn ^ g 

transform under T duality into 

f^mp ^p j^mn ^ g_ 


We conclude that the KT equation is not modihed by the B held, in contrast to Killing-Yano 
tensor case, which will be discussed in section 14.31 Next we look at the mnz components 


g'^ 




nb 


+ (m -f-)- n) = 0. 


(4.50) 


Under T duality along z direction Fmn transforms into Hmnz {H = dB), so we conclude that 
T dual counterpart of (I4.5np should give an equation involving the B held. As demonstrated 
in Appendix ID. 41 the only covariant form of such equation is 

HampKn^ + HanpKm ^ ^ e^/^VN[e-^/^WMp]. (4.51) 
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Pure metric 


FI 


F1-NS5 



NS5 



Figure 1: Pictorial representation of the duality chain (I4.54p . Applying 0{d,d) transforma¬ 
tions (the left solid circle) to a pure metric, one produces solutions of the ‘FI type’, then the 
‘bridge’ (dashed line) discussed in section 14.2.31 connects the FI geometry with a pure NS5. 
Additional 0{d, d) transformations, represented by the solid circle on the right, produce the 
general F1-NS5 solution. 

Recall that we had a similar expression as a constraint on the B held for a Killing vector 

Notice that the equation fl4.50p has an interesting interpretation in terms of Lie deriva¬ 
tives. As shown in Appendix ID. 41 for the KT constructed from squaring a Killing vector as 
j^mn _ ymyn^ equation fl4.50p reduces to a combination of Lie derivatives of (recall that 
Fjnn = dmAn - BnA^) along the Killing vector 

Ihs = V^CvA^ + V^CvA^. (4.52) 

To summarize we have used dimensional reduction to demonstrate that requirement 
of covariance of Killing tensor under T duality leads to the unique constraint on the B 
held (14.5 ip similar to the equation on the B held satished by Killing vectors. We will 
now discuss the behavior of Killing tensors under the U-duality group that extends 0{d, d) 
transformations, and demonstrate that covariance under such dualities leads to additional 
constraints on the Kalb-Ramond held. 

4.2.3 Extension beyond 0{d,d) 

In this article we are studying the symmetries of the NS sector of string theorjQ, and so 
far we have only discussed the geometries related to pure metric by 0{d, d) transformations. 

^^Solutions for the Ramond-Ramond fluxes are also interesting, but our construction of the modified 
Killing-Yano tensors discussed in section 14.31 needs further generalization to include such geometries. 
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Inclusion of S duality allows one to produce more general NS-NS backgrounds, and in this 
subsection our construction is extended to such geometries. 

In the context of black hole physics 0{d,d) transformation are often used to generate 
solutions with electric B fielcS, so we will call them ‘FI geometries’, even if they do not 
describe fundamental strings. To generate NS5 branes from black holes one has to use a 
specihc combination of T and S dualities, and we will denote the resulting geometry by 
‘NS5’, even though it can contain more general fluxes. This chain of dualities is shown in 
Figure [H 

To generate the ‘NS5 geometry’ we begin with a ten-dimensional metric reduced on 
TP X Th 


dsl = H^p[dy^ + y“] [dy^ + Y^] + + kl“)(dz^ + A’’) + h^^dx^dx^' 

To generate a magnetic NS flux, we perform the following dualities ^5] 


P ^ Dl^ NS5. 


(4.53) 

(4.54) 


Notice that various labels just indicate the type of flux (i.e., FI is an electric S-field, D5 is 
a magnetic and so on) rather than presence of branes. 

T dualities along y directions produces FI solution, and subsequent S duality gives 


ds\)-^ = \/det H 
2^ 


Haydyadyy + Gab{dz^ + A°'){dz^ + A’^) + hmndx'^dx^ 


= det H, = dya A T", = [R-^] 


OL^ • 


The outcome of four T dualities along z directions depends on the presence of in T". 
If has no legs along z directions, then T dualities produce a six-form, which can be 
dualized back to Any leg pointing in z direction leads to and this RR flux can’t 
be removed by S duality. Thus to end up with NS system we require Y to point only in the 
non-compact directions. Then T dualities along 2 ; directions give 


ds\)^ = \/det H 
1 


B-ajsdyadyy T h^ji^dx dx 


+ 


:G abdZadZb f 


g2$ ^ 


det Hdet G 


\/ det H 

, = dy„AT“A JJ(d0“ + A“), B = dZaAA^, 


where G is the inverse matrix of G. To avoid the RR fields after S duality, we must require 
= 0, this leads to the final result: 


ds\s 5 = \/det G 


= 


det HHapdyadyy + det Hhmndx'^dx"' + Gabdzadzb 
detHdeiG, R = A T" A JJ(d^“ + A“). 


(4.55) 


^®The most notable exceptions from this rule are gravity duals of non-commutative field theories [44], beta- 
deformation of pure geometry m. and generation of NS5-brane from KK monopole. From our perspective, 
all these operations give the solution of type ‘FI’. 

detailed discussion of this duality map will be presented in the next section, where a more involved 
chain (Ol) will be used to add charges to various black holes. 
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Separation of the Hamilton-Jacobi equation in the geometry fl4.53p implies (among other 
things) the separation of 


fh^^d^SdnS, 

and for the geometry (14.551) we need 

- h^^dmSdnS, - { ^ 

det HVd^ det Hy/d^ ^/d^ 

to separate for some function /. Setting 

/ = /det HVdet G 


(4.56) 


(4.57) 


(4.58) 


we must require 

d^dyifh^^d^Sd^S] = 0, d,dy[fH^^] = 0, d,dyf = 0, d,dy[f det H= 0. (4.59) 

The hrst condition is automatic, the second one is similar to the requirement for T duality 
(recall that H = H~^), and the last two relations are new. As before, the old and the new 
Killing tensors are expressed as (14.371) 

RMN = (4.60) 


although now tildes refer to the NS5 system. Repeating the steps which led to (I4.39p . we 
hnd 




/det 



^mn 


X 


mn 


fx 


[/det H\/det G]x- (4.61) 


Equations (14.581) . (I4.6U|) . (I4.6ip give the Killing tensor K in terms of the the original metric, 
in particular, we observe that the expression for K in terms of K is rather complicated. 
This reinforces the principle introduced in section 12.21 to study the Killing tensors and their 
transformations under dualities, it is convenient to begin with Ending the eigenvectors and 
eigenvalues of the tensors since the map (I4.6ip between X and X is relatively simple. Several 
explicit examples of Killing tensors for F1-NS5 systems are presented in Appendix O 


4.2.4 Conditions on the B field from separation of variables 

Equation (I4.59P gives the separability condition for the NS5 metric, and now we present 
the constraints on the B field. In Section 14.2.11 such restrictions were found by requiring 
separability of the metrics on any 0{d, d) orbit which starts from a pure metric, and now 
we impose the same requirement on the 0{d, d) orbit staring from an NS5 solutioiJ^. We 

^®The first orbit generates fundamental strings and momentum, and the second one generates F1-NS5-P 
system 
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will find that separability of F1-NS5-P geometries is guaranteed by f|4.59p and constraints 
fl4.65p . fl4.67p . fl4.68p on the Kalb-Ramond held of the original FI system. 

We start with constraints (14.4411 and (14.4511 derived for the FI orbit 

dyifg^^)H^Mb + d^{fg^^)HyMb + fg^^d^HyMb = 0 , 

d.dyifgab) - fg^^HyauH^Nb - fg^'^H^aMHym = 0, (4.62) 

and require them to hold for NS5 solutions as well. Then using the relation between metrics 
for FI and NS5 (14.5511 . 

9MN=Fgl,\, = F^^/d^detF^ = e-2^- (4.63) 


and electric-magnetic duality transformation, we can rewrite (I4.62p in terms of the metric 
and the B held for FI. The detailed calculations presented in the Appendix lEl give 


dxdy[gabfF] + ^gab 


a. 


.\nFdy\nF + ]^HxMNHy^^ 


= 0 


(4.64) 


and 


dy{fg^^)HxMb + dx{fg^^)HyMb + fg^^d^HyMb = 0, (4.65) 

dy{fg^^)HxMb + dx{fg^^)HyMb + jfg^^dx{FHyMb) = 0 , 

where H = -kQHF^'> is the Hodge dual dual of with respect to the metric hmn- 

Interestingly, in all examples we have considered, two terms in equation (I4.64p vanish 
separately, and perhaps such ‘coincidence’ is guaranteed by equations of motion of super¬ 
gravity for the NS5 brane, but we have not investigated this further. Vanishing of the hrst 
term in equation (I4.64p implies separation of a very interesting duality-invariant quantity 

gT^ _ (q.ge) 

Then vanishing of the second term in (14.6411 implies a relation in the FI frame: 

dx^dy^ + \HxMNHy^^ = 0. (4.67) 

O 

To summarize, the separability of the F1-NS5-P geometries obtained form the FI system 
is guaranteed by equation (I4.59p . conditions (I4.65p . (I4.67P on the B held of the original FI 
system, and 


dxdy[gabfe = 0. 


(4.68) 
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4.3 T duality and the modified Killing—Yano equation 

In this subsection we investigate the behavior of (conformal) Killing-Yano tensors under T 
dualities. We will show that generically T duality destroys Killing-Yano tensors, but there 
is a unique modihcation of the KYT equation which is invariant under T duality. For the 
geometries without Kalb-Ramond held, this modihed Killing-Yano (mKY) equation reduces 
to the standard one fl2.9p . but in general it also contains contributions from the B held. To 
motivate the mKYT equation, we apply T duality to a pure metric. This leads to the 
unique modihcation of KYT equation in the dual frame, and we will demonstrate that such 
modihcation remains invariant under any combination of diheomorphisms and T dualities. 
Let us start with a standard equation for the Killing-Yano tensor fl2.8p 

Vm^typ + VatYmp = 0 (4.69) 

and perform a dimensional reduction of the metric along z direction: 

ds^ = e^[dz + + gijdx^dx^. (4.70) 

In the hrst step of our analysis we also assume that geometry fl4.70p has a trivial Kalb- 
Ramond held. The details of the reduction are given in Appendix ID. 21 in particular, the 
{mnp) component of the KY equation can be read oh from flD.lOD by setting L = Y: 

^mynp ^ ^pmpyn^ ^ = Q, (4.71) 

where F = dA is the held strength associated with graviphoton. We will now look for the 
modihcation of the KYT equation in the dual frame that satishes hve requirements: 

(1) The equation should be linear in the dual Killing-Yano tensor Y. 

(2) Its {mnp) component must reproduce (I4.7ip and other components must be consistent 
with dimensional reduction of (I4.69p . 

(3) The equation must be invariant under gauge transformations of the B held. 

(4) The new terms to be at most linear in B held since equations fl4.7ip are linear in Fab- 
This implies that the modihed KY equation should be linear in Hmnp- 

(5) The square of the modihed KYT should give a Killing tensor in the dual frame. 

As demonstrated in the in Appendix ID.6P there exists a unique modihcation of equation 
(I4.69P which satishes all these requirements, and it readS 


Vm^atp + VatYmp + -HMPAg^^YNB + -HnpaQ^^Ymb — 0. 




(4.72) 


29 


The only alternative corresponds to changing the sign of H in (j4.72l) and sign of in (14.741) . 


36 




























Moreover, the Kalb-Ramond field in the dual frame satisfies a constraint 

+ d[pCYMN] = —d[pWMN] (4.73) 

with some antisymmetric tensor Wmn- Under the T duality the components of the mKYT 
transform as 


■^mn _ -yr, 




(4.74) 


The counterpart of the constraint (14.731) in the original metric (14.70^ is 


dC A dY = 0. (4.75) 

Notice that (14.721) can be interpreted as a standard KYT equation with connection modified 
by torsion 071 

^ - \h’’mn- (4.76) 

In Appendix [I] we discuss transformation of Kahler structure under T duality and demon¬ 
strate that a counterpart of the transformation (I4.74p maps the Kahler form into complex 
structure satisfying the Strominger’s system for manifolds with torsion m- 

Although equation (I4.72p was derived by applying T duality to a pure metric, the result 
is invariant under any combination of T dualities and diffeomorphisms. In Appendix ID.61 
we demonstrate that T duality maps any solution Ymn of (I4.72p in an arbitrary geometry 
(I4.7np supported by the B field into a solution Ymn of the same equation in the dual frame. 
The transformation (I4.74p between tensors can be viewed as an extension of Buscher’s rules 
to Killing-Yano tensors. The constraint (I4.73P is generalized as 

g^^dsCY^, - g^^d.CY^, + g^^G^rY^^ - = 0, (4.77) 

n — _p-Cl2p ys^ -CAys 

where Fmn and Fmn are graviphotons in the original and dual frames. Notice that Y/ remains 
invariant under T duality, and Gmn changes sign. 

To summarize, we have demonstrated that the requirement of covariance under T du¬ 
ality leads to the unique equation (I4.72p for the KYT, and the original equation (I4.69P is 
transformed into the system (I4.72p - (l4.73p . In other words, unlike the KV and KT equations 
which are unaffected by the Kalb-Ramond field, the equation for the Killing-Yano tensor is 
modified, which is not very surprising since fermions interact with the B field. In all three 
cases (KV, KT, mKYT) the Kalb-Ramond field satisfies additional constraints in the dual 
frame (see (14.71) . (I4.5ip . (I4.73p h 

Although Ramond-Ramond fluxes appeared in the intermediate stages of the duality 
chain (I4.54p . neither the initial nor the final point contained such fields. Unfortunately an 
extension of our analysis to Ramond-Ramond backgrounds leads to certain complications, 
which we now discuss. Starting with a pure metric and performing a T duality, we find the 
new mKYT from (I4.74p : 

ymn ^ ymn yn ^ (,-Cyn /4_7gN 
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Since the mKYT equation is written in the string frame, S duality induces a conformal 
rescaling of such metric, so generically the modihed Killing-Yano tensor is destroyed by 
such operation. To save it we have two option for the equation after the duality: 

(a) Postulate that in the presence of the Ramond-Ramond fluxes, the covariant derivatives 
appearing in the mKYT should be computed using g'^j^ = e~^gMN rather that gMN-, 
and ip 3 should be replaced by F 3 . While consistent with S duality, this prescription does 
not reduce to the standard KYT in the NS-NS backgrounds with non-trivial dilaton, so 
it should be abandoned. 

(b) Postulate that the modihed KYT equation survives S duality only if the constraint 

g^^dB^YAM = 0 (4.79) 

is satished. Then the discussion presented in the Appendix lA.21 implies that the mKYT 
transforms according to flA. 8 l) 

Y^P = e-^^/^YMP, (4.80) 

where Ypip satishes equation fl4.72p before S duality, and <h is the dilaton for the NS 
system. 

Although option (b) is not ruled out, the constraint fl4.79p is rather restrictive. Moreover, 
even assuming that this constraint is satished, and equation (I4.72p does hold for the type 
IIB theory with replacement —)■ F 3 , an additional T duality to type IIA supergravity 

leads to rather unusual structures. By applying the dimensional reduction and T duality 
to Ramond-Ramond background, we found that the KY equation in the dual frame mixes 
tensors of diherent ranks. For example, starting with mKYT Ymn one produces an equation 
that mixes and Yj^lfp. This is not surprising since something similar happens for 
components of F 3 , but KYT become rather complicated. While it would be very interesting 
to study the properties of such objects with mixed ranks and perhaps embed them in the 
democratic formalism [48], this direction will not be pursued here. 

Finally we comment on behavior of conformal Killing(-Yano) tensors. As demonstrated 
in section 14.1.31 T duality introduces z-dependence in conformal Killing vectors, so such 
dependence should be allowed in CKT as well. Dimensional reduction for a relatively simple 
case Am = 0 is performed in Appendix ID. 51 where we demonstrate that generically CKTs 
are destroyed by T duality. However, the CKT does survive the duality if two additional 
conditions flD.46p and flD.47p are satished. The same conclusion holds for a conformal mKYT: 
it survives T duality only in very special cases. 

5 Examples of the modified KYT for FI—NS5 system 

In this section we present several examples of the modihed Killing-Yano tensors introduced in 
section 14^ As we saw in section [3l the ordinary Killing-Yano tensors exist for a large class of 
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black holes described by the Myers-Perry solutions, and these geometries automatically solve 
our modihed equation since they do not have a Kalb-Ramond field. However, string theory 
provides a very nice generating technique that allows one to start with a known solution of 
general relativity and construct black holes with various charges by applying string dualities 
[111 HHl Il9]. In this article we are focusing only on the NS-NS sector of string theory, so 
we will use the special cases of the general techniques introduced in [l2l HSl 09] to produce 
black holes with fundamental string and NS5-brane charge^. For such special cases, it is 
convenient to specify the duality transformations more explicitly. 

We will start with a rotating black hole in d < 10 dimensions and boost it in one of the 
10 —d direction. Then application of T duality along that direction produces a non-extremal 
fundamental string. To arrive at an NS5-brane (and more generally at a combination of 
strings and NS5-branes), one has to apply a more sophisticated procedure introduced in 

gaiS]: 

1. Start with a rotating Myers-Perry black hole with mass m in d < 6 dimensions, perform 
a trivial embedding into the ten-dimensional type IIA supergravity, and identify a five¬ 
dimensional torus X orthogonal to the black hole. 

2. Perform a boost by a along direction!^ and T-dualize along S^. This produces a black 
fundamental string wrapping one of the compact directions. 

3. Perform an S duality followed by four T dualities along and another S duality. The 
resulting metric describes a non-extremal rotating NS5 brane. 

4. Perform another boost by /3 in the direction followed by T duality. This gives a 
non-extremal F1-NS5 system with mass m and charges 

Qi = msinh^/3, = msinh^a. (5.1) 


For future reference we summarize the duality chain using a simple diagram: 

BH ^ P„ ^ Fl„ ^ Dl„ ^ D5„ ^ NS5„ ^ ) ^ ( 

In this section we use y to denote the direction. Notice that if we are adding only 
the FI charge, the duality chain stops after the first two steps, and four-dimensional torus 
is not needed. Thus such charge can be added to the Myers-Perry black hole in d < 10 
dimension^, and we derive the explicit expression for the corresponding mKYT in section 

^°The geometries containing D-branes are also interesting, but the full theory of modified Yano-Killing 
tensors for such solutions has not been developed yet. In particular, as we mentioned in section IT51 some D- 
brane backgrounds would contain Yano-Killing tensors of mixed ranks, and we hope to return to a detailed 
study of such objects in the future. 

^^Following |451146) . we will call the corresponding coordinate y and parameterize the boost by a, where 
tanha = vjc. 

^^This construction also works for the embedding of the d-dimensional Myers-Perry black hole to the 
bosonic string as long as d < 26. 


39 




4D 

5D 


extremal 

non-extremal 

extremal 

non-extremal 

FI 

M 

M 

M 

M 

NS5 

M 

- 

M 

M 

Fl-NS5(Qi = Qs) 

- 

- 

C,M 

M 

Fl-NS5(Qi ^ Qs) 

- 

- 

M 

M 


Table 1: Summary of the results for the F1-NS5 system constructed from four- and hve- 
dimensional black holes using the procedure fl5.2p . Here M denotes the modified KYT and 
C correspond to the conformal KYT. 


15.11 On the other hand, addition of the NS5 charge needs x so it only works for black 
holes with d < 6. Since we are interested in asymptotically-flat geometries, the BTZ black 
hole [SU] will not appear in the discussion, so d can take only two values (d = 4,5). These 
cases are discussed in sections 15.21 and 15.31 Our results are summarized in table [TJ 


5.1 Charged Myers—Perry black hole 


In our first example we add charges to the Myers-Perry black hole discussed in section [3] 
by applying the duality chain fl5.2p and discuss the modified Killing-Yano tensor for the 
resulting solution. The transition from FI to NS5 in fl5.2p involves the electric-magnetic 
duality, which depends on the dimension of the black hole, so it is convenient to study 
individual black holes separately, and we will do that in sections 15.2115.31 In this section we 
will focus the hrst two algebraic steps in the duality chain fl5.2p to generate a rotating black 
hole with FI charge. 

As demonstrated in Appendix |Fl the charged Myers-Perry black hole admits a family of 
modihed Kil ling -Yano tensors, which generalizes fl3.20p - fl3.3ip : the tensors are still given by 
fiTSOD . ([3310 


y{ 2 n- 2 p) _ ^ ^ h = re^ A 6^ + A , (5.3) 

k 

this subsection we have to distinguish between e“ = e%jdx^ and so the frame indices 

are written in the appropriate places. In the rest of the paper we abuse notation and write Cq = e%jdx^ to 
simplify formulas. 
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but the frames are modified 


e = 


FR 


R — mr 


dr, = 


1 R — mr 


"" h 


FR 


(r2 - Xi)di 

—^ 

AxiHi 

G, 


ch„dt + shady + — Kdcl)k 

k 


= 


e = 


1 

h 


1 , U J 

shaac + chaCty- ^ ^ dt -- y 

k 


FR 


H, 


hi y (ii(r2 - Xi) 


chadt + shady + 


FR 

Gkir"^ + o?k) 


ttkCl 


(5.4) 


1 + 


clak{xi + al) 

The expressions for Ci,di, Hi,Gi, {FR) are still given by fl3.20p . and 

, ^ msh^ 

hi — 1 + 


mr sh^(r^ — Xi) 

FR{r^ + al) 


d(j){ 


FR 


(5.5) 


Expressions for the inverse frames exhibit a clear separation between non-cyclic coordinates 
(r, Xi): 


€r — 


et = 


Ci = 


R — mr 
FR 


dr ) Cxi 


AxiHi 


/?2 


FR{R — mr) 


ch.adt 


di{r'^ - Xi) 
sh, 


dxi^ chatty shat^t. 


R 


{R — mr)dy — 


^k a 
r^ + al 


(5.6) 


Hi 


di{r‘^ - Xi) 

For the odd dimensions we hnd 


cha^i - sha^y - yy 


®A; 


Xi + a 


2 


e" = 


e = 


eP = 


e = 


= 


FR 


R — mr"^ 


dr, F"* = 


Idi{r‘^ - Xi) 

AHi 


dxi, 


1 R — xnr"^ 
YiS FR 


chadf + shady + E- 2 h(j)k 


k ^k 


1 

hi 


, , , , msha , msha cha Ofed(5fc 

shadt + chady- T^dt - ^ ^ 


FR 


FR 


k ^k 


Hi 


chadt + shady + 


hi V Xidi{r‘^ - Xi) 

chadt + shady + 


+ «D 


Gkak{r^ + al) \ ^ ^ms\i^{r^ - Xi) 


FR{r^ + al) 


(5.7) 
d(j)k 


1 

h 


Ual 


r^Ylxk 


Gk{r^ + al) 


cW 


1 - 


aim sh^ 


FR{r^ + al) 


d(j)k 
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and 


Cr — 




e,: = 


R — mr'^ 
FR 




d 6 = 


4:Hi 




FR{R — mR) 


di{R - Xi) 
sh 


^Xi7 dRoi^dy s11q,(9^, 


c\io,dt -^(i? - mr‘^)dy - ^ 


Ofc 






Xidi{R - Xi) 


chadt - dhady - 'Yh 




Xi + 


2 ^'t>k 


jut 

RJJXk 


chadt - shady - Y —Uk 

j 

k 


(5.8) 


The expressions for Ci,di, Hi,Gi,{FR) are still given by fl3.36p . fl3.37p . and hi is given by 

dESp. 


5.2 FI—NS5 system from the Kerr black hole. 


Application of the dnality chain fl5.2p to the Kerr black hole fl2.45l) gives a rotating Fl- 
NS5 system, and the complete solntion is presented in Appendix IG.ll (see eqnation fIG.ip b 
Explicit calculations show that the modihed Killing-Yano equation fl4.72p does not have 
nontrivial solution^, so in this subsection we will focus on two special cases when the 
mKYT exists: the non-extremal fundamental string and the extremal NS5 brane. In the 
hrst case the existence of solution is guaranteed by the general construction presented in 
section 14.31 as long as condition fl4.75l) is satished, and in the second case the mKYT comes 
from solving the Killing equations. 

Application of the hrst two steps in the duality sequence fl5.2p to Kerr geometry fl2.45|) 
leads to the system which we called FIq, and the corresponding geometry describes a non¬ 
extremal fundamental string with charge Qi = 2 Tnsh^: 


ha A 


A 4(mrshQ)" 


P 


p'^h 


chadt — asydcj))^ 


H—I [t + ~ o chadt] ^ + (shadt)' 

B2 = Adj/, e“= ^ 


(5.9) 


p^h 


hn 


Here we dehned 


9 9 9 9 . 9 9 , 2mrshz 

p = R + aci, A = R + a‘^ — 2mr, ha = 1 H- 5 -. 

P 


shown in table [1] extremal F1-NS5 and non-extremal NS5 also don’t admit mKYT. 
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Transformation fl4.74p leads to the modified Killing-Yano tensor for fl5.9p 


F = — [rsedO A [(r^ + a^)d(j) — ach.adt\ + acedr A [chadf — } 

tl(y 


+ -r—{ciCgdr — arsgdd) A dy H —- 


hn 


hn 


-r^SgdO A d(j). 


(5.10) 


To compare it with fl2.46p . we construct the Killing tensor Kmn = —YmaY^n, define the 
frames as eigenvectors of this tensor, and rewrite the answer in terms of them: 


Y 


et 


e 


y 




2 I 2 I 2 I 2 I 2 

Y e. + + e^, 


reg A + acgCr A e*, K = Y[el + e^] + {acgY[e; - e;] 

x/A 


, (shady + chadt — asidcf) , = -^dr, eg = odd, 

pK VA 


Hqi 

se 

pha 


chady + she 


2mr\ , amrSfl shoa ,, 
1-^ 1 dt + - 






-a shady — achadt + (r^ + + 2mrsh^)d0) . 


(5.11) 


Notice that eigenvalues of the Killing tensor and mKYT do not depend on the boost param¬ 
eter a. 

The duality sequence fl5.2|) involves D-branes supported by Ramond-Ramond flux, and 
the analysis presented in section|T3]does not apply to T duality performed in such systems. It 
would be interesting to generalize our discussion of mKYT to the geometries with Ramond- 
Ramond fields, but such analysis goes beyond the scope of this article. Instead we applied the 
duality chain (15.21) to the Kerr black hole and solved the mKYT equations for the resulting 
F1-NS5 geometry. We found that the mKYT does not exist in the system involving NS5 
branes unless one takes an extremal limit and sets the FI charge to zero: 

m —)■ 0, Qi —t 0, fixed Qs = 2msinh^ a. (5.12) 


The resulting geometry, 

= —dt^ -|- h 
B2 = 


P^ 


r2 _|_ 

Q5ir‘^ + a^)cg 


dr'^ -I- p^dO'^ -I- (r^ -|- a^)sld(p‘^ + dy"^ 

Q^r 


d(j) A dy, = h, h = 1 + 


P 


Y Y d 


2 ’ 


admits the unique mKYT 


Y = hdy A {rsgdO — cgdr) + hdej) A [rs^dr -|- (r^ -|- a^)sgCgd6] 
= hd rcgdy - {r'^ + a^)sld(p 


(5.13) 


(5.14) 
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which was found by the direct calculation. Introducing convenient frames, we can rewrite 
this KYT and its square as 


Y = Cr A By - ee A e^, K = —YmaY^N dx^dx^ = e; + Cy + el + e^, 
et 


— dt, Cr — 


xf^^^^dr, ee = \/ + Qr, 

V Y + 


(5.15) 


Cnj — 


^0 


— y /{Y + a?){p^ + Qr) [cos 9dy + r sin^ 9d(f\ , 
a/(p^ + Qr) [rdy — (r^ + a^) cos ( 


P 


Notice that square of the KYT gives the spacial part of the metric, which can be viewed as 
a linear combination of two ‘trivial’ Killing tensors: one coming form the metric and one 
bnilt from the square of the Killing vector dt- 

An additional T duality along y direction in flS.lSp prodnces a metric of the extremal KK 
monopole, and application of (14.74^ to (I5.14p gives the standard KYT for the monopole: 

Y = dr A [{Q + r sin^ 9)d(j) + cos9dy] + d9 A [cos 0sin 6 ^( 0 ^ + r‘^)d(j) — rsinddy]. (5.16) 

In the frames we hnd 

Y 


et = 


e„ — 


67. A By Bq a e^, 
dt 


Ty 2 I 2 I 2 I 2 

K — e^ + e + Bg + e^, 


Cr — 


+ Y 
p^ + Qr 
sin0 


^0 


Be = \/p^ + Qr, 

V r^ + Y 

[cos 9dy + {Q + r sin^ 9)d(j)\ , 
[rdy — cos 9{r‘^ + Y)d4>\ . 


(5.17) 


y p‘ + Qr 

Once again, the KYT squares to a ‘trivial” Killing tensor. 

5.3 FI—NS5 system from the five—dimensional black hole. 


Application of the duality chain fl5.2p to the five-dimensional black hole gives another ex¬ 
ample of the rotating F1-NS5 system, the complete geometry was found in [l9l |5T], and it 
is given by equation flG.7p . This subsection discusses the modihed Killing-Yano tensor for 
this solution. 

Recalling that even the neutral five-dimensional black hole had the KYT of rank three 
rather than two (see section iTSp . we should look at the obvious extension of fl4.72|) to such 
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object® 


V mYi 


Mi NPQ 


1 ” ABv I ^ U 

J f 


Y^nYmpq + -HmpaQ Ynbq + -Hmqa 9 

+ -^Hi^PAg^^YMBQ + -AiiNQAy iMPB 


NPB 


’■MBQ + ^HjsiQAg^ 


(5.18) 


The general construction of section 14.31 guarantees existence of the mKYT for a = 0 (as 
long as constraint (14.751) is satisfied), but the generation of the NS5 branes goes through 
Ramond-Ramond fluxes, which can potentially destroy the modified KYT. Remarkably, the 
tensor survives, and solution of fl5.18p for the geometry flG.7p is 


Z ^Y = —ad[r‘^ cos^ 6]dtd'ilj — a/i^/iBd[(r^ + — M) sin^ 6\d(j)dy (5.19) 

+a/iAd[(r^ + — M) sin^ 6]dtd(p — afisdlr'^ cos^ 9]dyd'ifj + (7(i[sin^ 9]d4>d'ilj 

with 

^ _ r^ + A^ + a'^cl _ (a^ - M)A^B‘^ - [a^ + 712 + - Mr^ 

r^ + B^ + a?cl ’ V^TW^jWTW ’ 

A B 

Ha = , =, Ub = —p , Se = sm9, ce = cos9, (5.20) 

^ Vm + ay ^m + by ^ ’ 

A = \/Msinha, B = '/Msinh.f3. 


Although expression (I5.19p is already relatively simple, we also rewrite it in frames to connect 
to the general analysis presented in section 12.31 Constructing the Killing tensor Kmn = 
-YmaY^n and dehning the frames as its eigenvectors, we hnd 

j2 2|2|2|2|2|2 

ds — —+ Cy + + 60 + + e^, 

Y = 2 A 2 + 2 Mc 0 A + \/ 2 M{A^ + r^) — 2 a?A^ee A A e^, 

K = -^YMAY^N = [M{A‘^+r^)-a^A‘^][el + el]+a\A^ + Mcl)[e^,-e^,] 

+ [a‘^{A^ + Mcj) - {M{A^ + r^) - a^A^)]el, (5.21) 

^^The discussion presented in Appendix ID.61 trivially extends to KY tensors of arbitrary rank. 
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where the frames are given by 


et = 


67/ — 


Cr — 


MAp2i/5 


p^Hi V M{A^ + r2) - a2A2 
1 


[ch^df + shphp — a( shoCgh'^ — chaS^h^)] , 


2p^H, 


A^ + p 


A 




^ip 


Secg / Mifg 


2 slip (p^ — M) (if + 2p^ chphp + aM sh 2 p( shaC^h'^ — chasldcp) 

dr, eg = \/ A'^ + p^dO, (5.22) 

a chp(if + a shgdy + (5^ + r^) (shah-^ + chad(j)) + chadcj) 

1 


pHi V A^ + Mcj 


p^Hi^A^ + Mcl^jM{A^ + r2) - o?A^ 

[r^ + (a^ — M)c^] (-aM sh 2 Q,( ch^dt + shydy) + Ma^ shaSgdcj) 


+ [M(r^ + 24^)(r^ + B'^) + MA^c^qt'^ — A^B‘^a^~\ {s\\asld(t) — ch„Cg(i-^) 


For q; = 0 we hnd 

et = 


Cy — 


1 


p2iii 

1 


Sgai^l , 


2p2iii 


Ap2 [chpcff + shpcip + as, 

2 shp (p^ — M) dt + 2p^ chp(ip — aM sh2pS0(i0 


6r — 



dr, eg = \f^d6, ep = r cos 9d'lp. 


(5.23) 


se 

pHt 


achjidt + ash-pdy + (a^ + Msh^ + r‘^)d(j) j. 


This is the special case of (15.7p for n = 1 and one rotation parameter. Finally we give the 
expression for the mKYT (I5.2ip in the extremal limit (M = 0 with hxed A, B): 

Z~^Y = —^d\{dt + dy) [^{r‘^(?Q) dip — {r"^ + a^)sld(t)^ + AB a cos^ 9 d(f)d'^p^^ . (5.24) 


5.4 Conformal Killing—Yano tensors 

We conclnde this section with discnssing the CKYT for rotating F1-NS5 systems. Explicit 
calcnlations show that the geometry obtained by application of fl5.2p to the Kerr solntion 
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fl2.45p does not have CKYT. On the other hand F1-NS5 system constructed from the hve- 
dimensional black hole fl2.49p does admit a CKYT if and only if Qi = Q^. In this case the 
metric has the form 


ds^ = 


et = 


€r — 


2 I 2 I 2 I 2 I 2 I 2 

“O + ^4, + + ^ei 

— asydcj)), 64 , = — [(r^ + + Q)(i0 — adt\ , (5.25) 

P C'Q V 

—r=dr, ee = pd9, e^j =—[{Q + r‘^)d'ijj - ady], Cy =-[dy + acldip], 

V A P P 

2„2 


A = r + a — M, p = r + a Cq + Q, 
and the corresponding CKYT and CKT are given by 

y = p{er A et A Cy + 60 Ae4, Ae4,), Z = ^{acee^, - rcy) A {VAet + asee4,), 




/C = [e 


et + ei + e^ + ei], W =-d[r^ - a^ci]. 


(5.26) 


Since hh is a total derivative, the general prescription fl2.18p can be used to construct a 
standard Killing tensor 

K = -[ 2 {ac 0 )‘^ + Q][-ef + + e^] + [2r^ + Q][el + + e|]. (5.27) 

Conformal Killing tensors for four- and hve-dimensional black holes discussed in this section 
were constructed in [52] via separation of variables. 


6 Discussion 

In this article we analyzed hidden symmetries of stringy geometries and their behavior under 
string dualities. In particular, we demonstrated that in the presence of the Kalb-Ramond 
held the equation for the Killing-Yano tensor is modihed as fl4.72p . and this is the unique 
modihcation consistent with string dualities. The transformations laws for the Killing vec¬ 
tors, tensors, and Killing-Yano tensors are given by (14.8p . (I4.37p - (I4.39I) . (14.741) . We have 
also demonstrated that nontrivial Killing tensors in arbitrary number of dimensions are al¬ 
ways associated with ellipsoidal coordinates, and we used this observation to construct the 
(modihed) Killing(-Yano) tensors for the Myers-Perry black hole f fl3.20p . fl3.30l) . fld.dip i. its 
charged version (I5.3j) - (l5.4p . and for several examples of F1~NS5 geometries ( (I5.15p . (I5.19p - 

(Q])). 

This work has several implications. First and foremost, the modihed equation for the 
Killing-Yano tensor fl4.72l) provides a new powerful tool for studying symmetries of stringy 
geometries, which can extend the successful applications of the standard Killing-Yano tensors 
to physics of black holes [52l[53|. Also, the understanding of hidden symmetries developed in 
this article can be used to extend the ‘no-go theorems’ for integrability m to backgrounds 
without supersymmetry. Finally, the explicit Killing-Yano tensors for the Myers-Perry 
black hole and its charged version constructed in sections [3] and 15.11 generalize most of the 
previously known examples and provide the largest known class of KYT. 
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A Conformal transformations of Killing tensors 

In this appendix we analyze the behavior of Killing vectors and tensors nnder conformal 
rescaling of the metric. In the context of string theory snch rescalings appear when one goes 
from the string to the Einstein frame or when one compares the string frames before and after 
S duality. In this appendix we will hnd the restrictions on the dilaton which guarantee that 
Killing vectors and tensors survive after S duality. We study general conformal Killing vectors 
and tensors, and reduction to the standard objects is obtained by setting the conformal 
factors to zero. 

A.l Killing vectors 

We begin with considering an equation for the conformal Killing vector (CKV): 

+ VatKm = (A.l) 

and writing its counterpart in the rescaled metric: 

9mn ~ 9mn '■ N + n'^m ~ ‘^9mn'^ ■ ( A - 2 ) 

Recalling the transformation of the connections, 

{T^p)' = ^NP + l [SpOnC + S^dpC - gNP9^^dAC] . (A.3) 

we can rewrite the equation for V' in terms of the original covariant derivatives: 

+ VAr(e-^y^) = 2gMN{v' + (A.4) 

Comparing this to flA.lD . we hnd the transformation law for the CKV: 

= e^VM ^ V'^ = g'^^V;, = V^, 

v' = V — ^V'^dAe~^. (A.5) 

This implies that CKV always survives the conformal rescaling, but the KV (which must 
have n = 0) disappears unless 

V^Oac-^ = 0. (A.6) 

In the context of S duality and transition between string and Einstein frames, the last 
condition implies that Lie derivatives of the dilaton along the Killing vector must vanish, 
which is a very natural requirement. 
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A.2 Killing(—Yano) tensors 

Next we look at transformation properties of the conformal Killing-Yano tensor, which 
satishes equation 


Vm^atp + VatYmp — ‘^QmnWp — qmpWn — QnpWm- 


(A.7) 


as 


Using flA.Sp we can rewrite the left hand side of flA.7p in the rescaled frame 

M^NP + ^ N^MP ~ mY^p — — ^OmCYj^p + dpfCYj^p — gMNd^^^pCYj^p^ 

[OmCYI^p + dpCY^M - gMpg^^dpCY'^A] +{M^N) 

= VmY'^p - ^OmCY^^p + ^guNg^^dpCY'^p + \gMpg^^dBCY^A + (M o iV) 
and the full equation becomes 


= 2gMN{W'pe^ - -g^^dBCY:,p) 


gMp{W’^e^ - -g^^dBCY'^M) + (M o iV) 


To recover the original equation flA.Tp . we must set 

Y^P = e^^/Y^p, fU;;^ = e^/\WM + \g^^dBCYAM). (A.8) 

The conformal Killing-Yano tensors of higher rank can be analyzed in a similar fashion, and 
for the rank k tensor we hnd 


g(3A:-5)C'/2 

H-2- 9^^dBCYAM2...M^ 


(A.9) 


The same calculations show that for Killing tensors we have 
K'mn = W',^ = e°(ir„ + 


(A.10) 


Equations flA.9p and flA.lOp summarize the behavior of Killing(-Yano) tensors under confor¬ 
mal rescalings. 


B Killing tensors and ellipsoidal coordinates 

In this appendix we will justify the procedure for extracting separation of variables from a 
nontrivial Killing tensor and review an example of ellipsoidal coordinates and their degen¬ 
eration. 
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B.l Ellipsoidal coordinates from Killing tensors 


As discussed in section I2.2[ existence of a non-trivial Killing tensor leads to separation of 
variables, and in this appendix we will provide some details of the procedure for extracting 
the relevant coordinates and the separation function. 

We will focus on studying the reduced metric fl2.39p . and to simplify the notation we will 
drop the subscript red. Assuming that non-cyclic coordinates separate, we hnd 

ds'^ = '^gkdxl, K = '^AkQkdxl (B.l) 

where gk and A^ are functions of all coordinates. Equations for the Killing tensor give 


diAi = 0, dj \ngi = dj ln(Aj - Aj), j ^ i (B.2) 

and there are no summations in these relations. We will now make an additional assumption 
of separability: 


djdk In^'m = 0 for different {i,j,k). 

and determine the form of gk and A^. The procedure involves several steps: 
1. Equation fIB.Sp leads to factorization of gi 

= n ln/ij(xi, Xj) = dj ln(Ai - Aj) 

which implies factorization of 


(B.3) 


(B.4) 


A] - A'i = /i2(ii, 1 ^ 2 ) 912 ( 1 ^ 1 ,■ ■ ■ )■ (B.5) 

The same expression can also be obtained by starting with g 2 , but this leads to a different 
factorization: 


Ai - A 2 = f2l{x2,Xi)g2lix2,X3 ...). (B.6) 

Applying 8183 to the logs of flB.Sp . fIB.bp . we conclude that xi dependence factorizes in 
gi 2 . Absorbing the Xi-dependent factor in fi 2 {xi,X 2 ), we hnd 


Ai - A 2 = fuixi, X2)gi2{x3 ...). 

The left-hand side of the last relation is killed by 8182 (recall the hrst relation in flB.2p ). 


so 


fi2{xi,X2) = fSixi) - fil\x2). 
Repeating the same steps for X 3 ,..., we conclude that 

gi = hi{xi) n[/ii^(^i) - 


= [fif (^ 1 ) - /if i^j)]9lj {X3--- Xn) , 8 jgij = 0. 
Since coordinate x\ is not special, the last equation can be generalized: 


hi) 


At - A, = |4f (xt) - f'X (Xj)]gtj(xi... x„), 8jgtj = dtgtj = 0. 


t(j) 


(B.7) 


(B.8) 

(B.9) 
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2. Assuming that fif{xj) are nontrivial functions of their argument^, we can dehne new 
coordinates by setting 

% = i > 1 - (B- 10 ) 

and dropping the tildes. We still have the freedom of making a linear transformation of 
Xk, which will be hxed later. Taking a second derivative of fIB.Sp with respect to Xj, 

d]Ai = djAj + dj (ififixi) - Xj]gij{x2 ... = 0 . 

we conclude that Ai is a linear polynomial in every coordinate {x2, ■ ■ .x„). Furthermore, 
since 92A2 = 0 we hnd 

A 2 = Ai - [/}2^(xi) - X2]5'12 (x 3, . . . , Xn) = Ai + [/i^2^(xi) - X2]92Ai 

and similarly 

Aj = Ai + [f[]\xi) - Xj]djAi. (B.ll) 

3 . Next we look at 

A 2 - A 3 = (/i^ 2 ^(Xi) - X2)d2Ai - {fil\xi) - X 3 )a 3 Ai 

= [/i2^^2Ai — /i3^C?3Ai]o + X3[/i 2^92^3^1 + 53Ai]o — X 2 [/i3^5293Ai + C?2Ai]o 

Expressions in the square brackets are evaluated at X2 = X3 = 0 . Equation flB. 9 l) implies 
that (x2,X3) dependence in the last equation must factorize, and this is possible only if 

/l3^(^l) = C32/i2^(xi) + ds2, [/i2^52Ai — /33^c}3Ai]o = 632 (B. 12 ) 

with constant (032,^32,632). Similar arguments demonstrate that all /ij(xi) are linear 
polynomials in /i2^(xi), so by re-de£ning this coordinate, 

fu\xi), 

we conclude that all fij{xi) are linear functions of their arguments. For example, 

- ^3 = C32X1 + d 32 - X3, 

so by making a linear transformation of X3, we can simplify the last expression: 

-^3 ^ C32(xi - X3). 

Repeating this for (X4 ... x„), we hnd 

gi = hi(xi) JJ[xi - Xj], Aj = Ai + [xi - Xj]djAi. (B.13) 

j 

^®This assumption of generality eventually leads to ellipsoidal coordinates for curved spaces. Relaxing 
this assumption, one arrives at degenerate cases, and some examples are presented in Appendix IB.21 We 
conjecture that any degenerate case can be obtained by a singular limit of ellipsoidal coordinates, but we 
will not prove this statement. The proof for flat three dimensional space is implicitly contained in m- 
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4 . We will now demonstrate that polynomial Ai(x2,..., Xn) mnst be symmetric nnder inter¬ 
change of any pair of its arguments. Without the loss of generality, we focus on X2 and 
X3 and write Ai as 


Ai = P1X2X3 + P2X2 + P3X3 + Pi, (B. 14 ) 

where Pk are polynomials in {xi .. .Xn)- The second equation in ( 1 B. 12 I 1 gives 

632 = xi[d2Ai — c^sAijo = xi[P2 — Ps]- (B. 15 ) 

Consistency of this relation requires P2 = P3, i.e., symmetry of Ai under the interchange 
of X2 and X3. 

5 . Once we established that Ai{x2 ■ ■ ■ Xn) is symmetric, it is convenient to introduce a “gen¬ 
erating” linear polynomial A(a;i .. .Xn) symmetric in its arguments and dehne 

Ai = ^lA. (B. 16 ) 

Then the second relation in ( 1 B. 13 P implies 

Aj = c^iA -1- (xi — Xj)didjA = 9 iA| 3 ;_o + xididjA = djA\x^=Q -f xididjA = djA. 

To summarize, we have demonstrated that in the generic case existence of the Killing 
tensor in the non-cyclic part of the metric fIB.lIl implies that 

Qk = hi{xk) - Xj], Aj = djA, (B. 17 ) 

where A(a;i... Xn) is a linear polynomial in every [xi... Xn) symmetric under interchange of 
every pair of arguments. This completes the justihcation of fl 2 . 39 p - fl 2 . 4 ip . which summarize 
the extraction of the separable coordinates from a Killing tensor. 

B.2 Ellipsoidal coordinates in flat space 

In section we demonstrated that separation of non-cyclic coordinates generically leads to 
ellipsoidal coordinates. Our derivation was based on the assumption of generality: we pos¬ 
tulated that metric components have non-trivial dependence on all non-cyclic coordinates. 
If this assumption is dropped, one recovers degenerate cases of ellipsoidal coordinates, and 
in this appendix we will illustrate this using a well-known example of flat three-dimensional 
space. Degeneration in higher dimensions is very similar, but its detailed discussion is beyond 
the scope of this article. 

Consider a flat three-dimensional space with a metric 

ds^ = dr\ -|- drl -f- dr\. (B. 18 ) 
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The ellipsoidal coordinates {xo,xi,X 2 ) are defined as three solutions of a cubic equation for 
x [29]: 


X — a 


+ 


X — b 


+ 


= 1 , 


X — c 


(B.19) 


Without the loss of generality we assume that non-degenerate coordinates have a > b > c 
and the roots are arranged in the following order: 


xq > a > xi > b > X2 > c. 

Cartesian coordinates (ri,r 2 ,r 3 ) can be expressed in terms of (xo,xi,a; 2 ) as 
[xq - a) (xi - a) {x2 - ^ \ (xq - b) (xi - b) (x2 - b) 1 


ri = 


(a — b) (a — c) 


r2 = 


{b — a){b — c) 


(B.20) 


(B.21) 


rs 


{xq - c){xi - c){x2 
(c — a)(c — b) 



This transformation turns the metric fIB.lSD into 


(xq - a:i)(xo - X2)dxl (xi - Xo)(xi - X2)dxl 

4(xo — a)(xo — b){xQ — c) 4(xi — a)(xi — b){xi — c) 
(x 2 — Xo)(x 2 — xi)dxl 
4 (x 2 - a){x2 - b){x2 - c)' 


(B.22) 


Shifting six quantities {xi,a,b,c) by c, one usually sets c = 0, and we will follow this con- 
ventioio- 

The degenerate cases of the ellipsoidal coordinates are discussed in great detail in |27fi 
and we will focus only on oblate spheroidal and spherical coordinates. Oblate spheroidal 
coordinates are obtained from flB.21|) by writing 


Xq — fl + ^0) Xi — a — a^i, X 2 — b^2 


(B.23) 


and sending b to zero. Then metric flB.22|) becomes 




(^0 + (^0 + 

^UCo + a) ^ 46 ( 1 - 6 ) 




(B.24) 


This expression has a very simple interpretation: 6 gives rise to a new cyclic coordinate C 
(6 = cos^(6) while (6)^i) form two-dimensional elliptic coordinates. This is in a perfect 
agreement with general analysis of non-cyclic directions presented in section 12.21 

section [3] we use a different convention: a = 0, & = —of, c = —a\. 

^®There are ten of them: rectangular, oblate/prolate spheroidal, circular/elliptic/parabolic cylinder, spher¬ 
ical, conical, paraboloidal, and parabolic. 
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As a next example we consider spherical coordinates, which can be obtained by writing 


b = a-e, Xo = ^o, Xi = a - e^i, X 2 = a^ 2 , 


(B.25) 


sending e to zero, and setting a = 0 in the resulting expression. This gives 


ds'^ 


dii eo(i-6)^e? iodii 

4^0 4^1(1-6) 4(1-6)6 




(B.26) 


We see that although 6 (which is related to the polar angle 6 ) remains a non-cyclic coor¬ 
dinate, it does not appear in ^fn, so spherical coordinates violate one of the assumptions 
made in section 12.21 Nevertheless such parameterization can be obtained as a degenerate 
case of ellipsoidal coordinates, and we conjecture that any separable frame in the non-cyclic 
coordinates can be obtained as a similar singular limit from the systems derived in section 
12.2.21 The proof of this conjecture is beyond the scope of this paper. 


C Principal CKYT for the Myers—Perry black hole 

In section [3] we found a family of the Killing-Yano tensors fl3.30p for the Myers-Perry black 
hole, and the construction was based on three statements: 

1. The anti-symmetric tensor h dehned by (13.291) is a Conformal Killing-Yano tensor and 
the form (13.291) is closed. Such tensors are called Principal Conformal Killing-Yano 
tensors (PCKYT) [33]. 

2. A wedge product of two PCKY tensors is again a PCKYT@, so the expression A/i"" is 
a PCKYT for any value of n. 

3. If y is a PCKYT then Y = *y is a Killing-Yano tensor. 

The proofs of these statements are scattered throughout the literature [ST] [33l [35] , and the 
goal of this appendix is to present a simpler derivation of properties 1-3. We will begin with 
properties 2 and 3 since they are not specihc to the Myers-Perry black hole. 

We begin with writing the condition dy = 0 for a Principal Conformal Killing-Yano 
tensor y of rank p\ 


^ ay bed... — ^byacd... — ^ cybad... + ' ' ' — 0. (C.l) 

There are p terms in this equation. Using the dehning relation fl2.15p for the CKYT, 

^ byacd... ^ ay bed... T ‘^dab^cd... [dca^bd... T 9cb^ad...^ T . . . , (C.2) 

^®Note that this is not true for KY tensors. 
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equation fIC.ip can be rewritten as 


^aybcd... 9ab^cd... Qac^bd... ~l“ ' ' ‘ P9a[b^cd...]- (^•2) 

The PCKYT is defined as an object satisfying relations fIC.ip . flC.2p . but one can use the 
equivalent set of defining relation (IC.ip and (1C.3p instead. In particular, we observe that 
any Killing-Yano tensor which is also closed must be covariantly constant. Such objects 
are closely related to complex structures on Kahler manifolds, which are discussed in the 
Appendix [H 

To prove property 2, we observe that a product of two PCKYT, is closed, and 

it satisfies equation flC.3l) with 


Zip+ci) = Ipz^p) y{q) + (-l)P+<iqZ(<i^ A . 

p + q 


(C.4) 


To prove property 3, we consider 


[eai...a,^"'"^^yb,...bp] = ^ai...a,• (^-5) 

Symmetrization over (m, ai) gives zero, so = £ai...aq^^"'^^ybi...bp is a Killing-Yano 

tensor. This completes the proof of properties 2 and 3 which hold for all spaces admitting 
PCKYT. 


Next we focus on the Myers-Perry black hole and demonstrate that the closed form 

h = i ^ ttidpl A \aidt + (r^ + A \dt + aifx^dcpi] 

= + + + Ad0, (C.6) 

is a Conformal Killing-Yano tensor. The proof will go in two steps: first we will verify the 
CKYT equation for m = 0, and then we will show that m dependence does not affect the 
result. 

For m = 0 the geometry fl3.32p is fiat, and it is convenient to rewrite it in the Cartesian 
coordinates. In odd dimensions such coordinates are defined by 

Xfc + lYk = ds^ = -de + Y}^dXuf + {dYkfl (C.7) 

and the two-form h becomes 

h = ]^d^{Xl + Y,2)] Adt + J2 ^ ■ (C-8) 

This gives interesting relations for the derivatives of Hmn, 

V MhNP+ '^NhMP = if {MNP)^t, 

Mhm +NhMt =‘^[^MN — duidm], (C.9) 

uhtP + '^thuP = —[^MP — 
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which can be summarized as an equation for the CKYT fl2.15|) : 


y MhNP + NhMP — ‘^SmnZp — QmpZn — QnpZmj Z^Om — dt- 


(C.IO) 


The argument for even dimensions works in a similar way. This concludes the first part of 
the proof {h is a CKYT for the flat space), and now we will demonstrate that (IC.lOll holds 
for m 7 ^ 0 as well. 

While it is possible to verify fIC.lOp using the explicit form of the Christoffel’s symbol^, 
this calculation is tedious and not very instructive since it does not take advantage of the 
high degree of symmetry of the Myers-Perry solution. We will use an alternative method 
based on spin connections, which gives the answer in an easier and more transparent way. 
First we rewrite flC.10|) in terms of frame indices: 


^ahhc T ^b^ac “^VabZc VacZb ^bcZa 
h = re^ A e* + y/—Xie^ A e\ Za = eat 


(C.ll) 


To derive the desired result we should analyze the m-dependence of 

Tabc — ^ahbc T ^b^ac 


(C.12) 


Covariant derivatives of the objects with frame indices are evaluated using the standard 
relations 


V,l/' = e^dMV^ + OJa^V^, VaWb = e^duWb - Ua^W^, 
and the spin connection Ua,l is related to the anholonomy coefficients Ta,be by 

uJcab = - [rc,afe + Tb,ac " , de“ = -T^fc.e' A 


In particular, the explicit expressions for e* in fl3.20p and fl3.33p imply that 

r*,/3f = 0. 


(C.13) 


(C.14) 


(C.15) 


Here and below the greek letters denote the frame indices excluding (f,t). Although it is 
not obvious from e* and e'^% the anholonomy coefficients vanish as well. To see this, we 
use an alternative expression for T: 

ra,bc = {dea)^ue'^e''^ = {^^eay-^yea^J)e'^e’'^ =-e'^eaud^e''^+e‘^eaud^el, (C.16) 


which gives for fl3.20p and fl3.33p : 




= e>i^eo,ud^e\ = In F = --ei!^Vai In F = 0. 


(C.17) 


40 


Such ‘brute force’ calculation is performed in the Appendix B.3 of 
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Next we use the frames fl3.20p and fl3.33p to compute the anholonomy Ta,bc coefficients and 
spin connections Ua^bc in terms of their counterparts Ta,bc and CJa,bc for m = 0. The simplicity 
of the m dependence in the frames combined with relations T^. ^^ = = 0 allows us 

to write the answers without doing complicated calculations which are normally associated 
with evaluation of the spin connection. Introducing convenient notation 


S = 


even d 
oddd 


(C.18) 


R 


we can summarize the anholonomy coefficients as 

r a. _ -pQ; pQ _ CP^ _ Pi^ 

,/37 -L ,/37; ^ ,l3r ^ ^ 

r ex _ r\ pi _ pi pt _ CP^ 

~ U, i jjf: — L J- ,j3~f — ,/37 

ry, = o, ry, = f",v. r‘jf = sfc,-p, = o 


(C.19) 


ft ’ 


and the spin connections as 


^a,f3'y ^f,afi ^^f,af}^ ^a,ff} ^^a,fl3} ^f,ff} ^f,ffSy 

^i,iot ^a,/3i 

^a,fi ^a,fii ^f,ai ^f,ah ^t,af ^t^afi ^f,fi ^i,if ^i,tf' 


(C.20) 


Substituting the expressions flC.14D into flC.12p and introducing da = c^Sm, we hnd 
Tabc dahbc T dbhac T [a^a,be T (^b,ae\ h c T ^a,cehb T ^b,ceha 

^a^bc T ^b^ac d~ a,be d~ ^b,ae}^ c T ^a^ce^b d~ ^b,ce^a 

and the explicit expressions fIC.lQp . flC.201) give 


(C.21) 


— Try 


-0/37 afi'yi Try^hh ^omn; -^fhha -^fhhai -^fhfS'y ‘^-^fhfS'yi a/3ni 

where (m, h) take values t or f. The remaining components are 

Tfff = 0 , Till ~ 0 ; '^ftt ~ O 5 Tifi = 0 , 

'^ffi ~ ‘Idfihfi + 2Y I + 2uf iihf^ = 2dfhf.i = ST^^f^i, 


T- - =T- 

■X- m.ri rv rr 


TrhR^ = Sfyi 


Tyyay^, = STry 


(C.22) 


(C.23) 


'^iff — bfhif + Vi fih!'f. + 2 ujif.ihf^ — d^hif. — STi^f.. 


■'r'Hf ~ ^ t,ft"' r 


t,ft"'r 


Jr ' f-ir 


• tvr 


Recalling that 


•^Q ^ot -^Q) Tji Ci^ SZi^ Zf 0, 

we conclude that equation fIC.lip . 

Tabc ‘^dcibZc 'f]ac^b dbcZai 


(C.24) 


(C.25) 
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is equivalent to 


Tabc = ‘^VabZc - VacZb “ VbcZa, (C.26) 

which has been verihed earlier. This completes the proof of the relation flC.10|) for the 
Myers-Perry black hole and verihcation of statements 1-3 made in the beginning of this 
appendix. 


D Dimensional reduction and T duality 

This appendix discusses dimensional reduction of equations for Killing vectors, Killing- 
(Yano) tensors and their conformal counterparts. Section iD.ll sets up the conventions, section 
ID.21 discusses dimensional reduction of arbitrary tensors, and these results are applied to 
Killing vectors in section ID.31 to symmetric Killing tensors in section ID.41 and to Killing- 
Yano tensors in section iDTl Conformal Killing tensors are discussed in section ID31 conformal 
Killing vectors are analyzed in section 14.1.31 and some comments about conformal Killing- 
Yano tensors are made in the end of section 14.31 

We demonstrate that equations for the KV and KT are consistent with T duality, but 
equation for the KYT should be modihed, and we hnd the unique modihcation. Also we 
hnd that consistency between continuous symmetries and T duality leads to constraints 
on the Kalb-Ramond held if one is present, and such constraints suggest an interesting 
generalization of a standard Lie derivative along vector held to the derivative along Killing 
tensors. This construction is discussed in section ID. 4. 11 


D.l Conventions 


We begin with setting up the conventions. Consider a geometry which admits a Killing 
vector dz and write the metric and the Kalb-Ramond held in the form 

= e^[dz + Amdx'^]'^ + gmudz^dx"^, 

B = Andx"' A [dz + ^Amdx^] + ^Bmndx'^ A dx'^. (D.l) 

Here (m, n) run over all coordinates excluding z, and an unusual notation for B held will 
be justihed below. Ramond-Ramond helds may also be present, but they will not ahect our 
discussion. For future reference we also write the metric and its inverse in matrix form: 


gC gC^. 

9 *'" = I eC.4, e^A,Ai '+ g„J ’ 






+ AW -W 


-A^ 


9 




(D.2) 


Since 2 ; is a cyclic coordinate in fID.ll) . it is possible to perform T duality along this direction 
using the Buscher’s rules 


, 2 $ 


9zz 

Qmn 


g2$^ 


Br^ 


Qzz 

Qmn 


_ 'mz 

5 Qmz — ? 

Qzz Qzz 


Brnzz — 


Qt] 


^mz^nz 


Bfnz Bnz 


Bmn Byjiyi 


Qzz 

BynzQnz Omz^n 
Qzz 


(D.3) 




























Application of this procedure to fID.lj) gives 


ds^ = e ^{dz + Amdx^Y + gmndx^dx^, B = Andx^ A [dz + ^Amdx^] + ^Bmndx^ A dx^. 


(D.4) 

Notice that and A^ are interchanged by T duality making the notation fID.ip very 
natural. 

In this paper we use the following conventions: 

• capital letters run through all the coordinates, {M, A^,...} = {1,d}; 

• lower case letters run through all the coordinates except {m, n,...} = {1,d — 1}; 

• objects after T duality are marked with tilde, e.g. Vi, Kmn] 

• objects not affected by T duality are marked by hat, e.g. gij, Vm- 


D.2 Dimensional reduction and covariant derivatives 


In this appendix we will express covariant derivatives in the geometry fID.ip in terms of 
derivatives on the base ds^ assuming that all objects are z-independent. 

We begin with analyzing covariant derivatives of a vector: 


Wmn — mVn- 

The connections corresponding to the metric fID.ip are: 


(D.5) 


FL = r” = r-;. = 1 [a„C - , 


r™ = - AAe'^), r^„ = -AXn„ + + a„ 9 „.) 




-C{ 


(D.6) 


^mn ~ ^mn 2 ^ {dmgnz + dngmz) ■ 


Indices of the gauge held A, are raised using g'^A and denotes Christoffel symbols on the 
base. 

Explicit calculations give various components of W : 

Vh/ = (D.7) 

+ ]^g^^g^^FabV^. 
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All components of Wmn can be obtained by taking linear combinations of the expressions 
written above, for example, 


= gmaW,^' + grnM/ = 9maW,^ + ^ 

9zz 


- ^V^dmC + ^A^V^dae^. 


(D.8) 


The relation (lD.7p . fID.Sp are used in section ITTl While discussing conformal Killing vectors 
in section 14.1.31 we also need generalization of flD.7p to derivatives of a z-dependent vector: 

+ = r‘'[d,V,-daCV,-e^F,,V^ + g,,d,V^-A,d,V,], (D.9) 

^zmn ^nm ^ - A^d^V'^ - A^dzV^. 

Once the action of covariant derivatives on various types of indices is specihed, their 
application to a tensor of rank 2 becomes straightforward: 


1 


= l[L^ + L/]a,e^, 


V^L/ 


-L'^^daC^ + ^r'^e^FabL- - -ri^zdaC, 


1 ^ _ ^[^rnapn ^ 


rdaL.z - r^L^zdaC - -r'e^F,,[L\ + L/], 


V^L^z 

^mpnp 

These formulas are used in section 0] to study the reduction of Killing-(Yano) tensors. 


(D.IO) 


= V”^L 




ijmpnp ^ }_^ma^gnbp^^pp p g^^Fa,L\. 


D.3 Dimensional reduction for Killing vectors 

In this subsection we will consider the behavior of Killing vectors under T duality. We will 
start with an object which satishes the Killing equation 

Vm^v + VatVm = 0, (D.ll) 

in the geometry fID.lIl supported by the NS-NS helds. T duality along z direction gives the 
geometry flD.4D which has the same form with replacements 

C —)■ —(7, A t-)- A, —>■ hxed gmn-, Bmn, (DA2) 
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If present, Ramond-Ramond fields would also transform under such duality, but such helds 
will not affect our analysis. 

Let us assume that before T duality geometry (ID.Ill admitted a Killing vector that 
satished equation 


Zmn — ^i Zmn = '^ mVn+ '^ nVm- (D.13) 

As demonstrated in section ID.2| equation (1D.13P can be written as a system0 


Zran ^ ^rnyn y ynym ^ 


(D.14) 


T duality flD.12p leaves the hrst two equations invariant as long as we make identihcation 


ya ^ ya^ 

and it maps the last equation flD.ldp into a restriction on the B held: 

r“9alK, + = 0, W, = -e-^K. 

Similarly, before the T duality we must have 

r“5,lK, + = 0, W, = -e^K. 

The last equation is a (mz) component of a covariant relation: 

Hmns^^ = — VnWm, 


(D.15) 


(D.16) 


(D.17) 


(D.18) 


as now we will discuss its origin and implications coming from the remaining components. 

To give a geometrical interpretation of flD.lSp we look at a Lie derivative of the B held 
along the Killing vector V: 

^vBmn = aBmn + Ban'^ + Bma^ 

= V^Hmna-Vm{V^Ban) + Vn{V^Bam) 

and recall that if is a Killing vector, then this derivative must be a pure gauge, i.e.. 


BvBmn — Vm^Lat — VatIK^ 

for some vector W'j^. Combining the last two relations, we hnd 

V^Hmna = Vm(VL^ + V^Ban) - Vn{W'm + V^Bam), 


(D.19) 


41 


This follows from (ID.71) by noticing that Zmn = Wmn + Wnm■ 
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which coincides with flD.lSjl if we define 

Wn = WL + V^B 


AN- 


(D.20) 


At this point we have demonstrated that condition flD.lSp comes from reqniring that the 
Lie derivative of the B held is a pnre gange, and we fonnd the T dnality map for varions 
components of V and W: 




To complete the proof that the system 


f VmVn +'VjvVm — 0 
[ HmnsV^ = — VnWm 


(D.21) 


(D.22) 


remains invariant, we have to analyze the {mn) components of the last eqnation and hnd 
the map between Wm and Wm- 

Let ns start with a B held that satishes the constraint flD.lSp in the original frame. In 
particular this implies 


VmWn - VnW^ = BmnaV^ + = [dB + ^d{A A (D.23) 

Assuming that the counterpart of this relation after T duality is also satished, we can subtract 
it from the last relation to hnd 


VUWn - Wn) - Vn{Wm " W^) = [d{A A 

= F^Ae~^V, - - Fmn[e^V, - + [d{A A A)UnaV'^ 

= Fmne~^V^ - Fmne^V^ - [FmaAn - FmaAn - (m fA n)]V'". (D.24) 


Using the last equation in flD.ldj) and its counterpart after T duality, we can simplify the 
last bracket: 


V^(IU„ - Wn) - VniWn, " Wn,) 

= Fmne~^V^ - Fmne^V^ - [dmie^VAjAn - dm{e~^VAAn - (m fA n)] 

= dm[Ane-^V, - Ane^K] - dn[An,e-^V, - (D.25) 


We conclude that the system flD.22p remains invariant under T duality if the standard rules 
flD.12p are supplemented by 


= -e-^W, W = 

Wn = Wn- Ane-^W " A„IU, + dnf, (D.26) 


where / is an arbitrary function. The last line can also be written as 

W^ = W^ + g^^daf, (D.27) 

and the transformation law can be made symmetric between V and W by setting / = 0. 
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D.4 Dimensional reduction of the Killing tensor equation 

Next we look at the equation for the Killing tensor: 


M; 


MNP 


= 0 , M, 


MNP 


= mKnp + ^ nK^ 


NJ^MP 


VpK, 


MNi 


Kmn — 


NM- 


(D.28) 


Assuming that geometry fID.lIl does not have a B held and that all components of Kmn are 
^-independent, we can use fID.lOll to perform dimensional reduction along z direction: 


M... = 


K\dae^, 

+ [g^^ 

]\^mnp ^ ^mj^np j^mp yp^ 


M,/ 


6^an ^ 


ma^ 


]e^Fab - [g 


ma n i 'x.na m 

Kz +g Kz 


(D.29) 

]daC, 


and match equations for the Killing tensor before and after the duality: 


zzz 

zzp 

mnz 

mnp 


Kjdte^ = 0 

2gP<^FbaKj>e-^ = daC-^ K'^p - gP<^da{e-^^K,,) 


9 


Va{e-^K^.) + FbaK^’’ + (m o n) = 0 


ym^np _|_ '^n^mp _|_ -^pp^mn _ g 


Kjdte-^ = 0 

dae^k^P - gP'^daie^^k^^) = 0 

ymj'gC^n^) _j_ ^ ^ g 

^mppnp _|_ ^nppmp _|_ ^pppmn _ g 


From mnp components we obtain 

k^n = ^gg^ 

Next we rewrite the {mnz) components before T duality using the relation Hmnz = F^n'- 

Va{e-^K^,)] + (m O n) = 0. (D.31) 


9 


ma Tj T/'nb 


Using the general reduction fID.lOp after duality, we hnd 






+ -/ 
2^ 






and applying this relation to = e a constraint on the Kalb-Ramond 

held after duality@ 

g^^Habzk^^ + g^^Habzk^^ = (D.32) 

The only covariant extension of this equation for the 5-held i eF^ 


HAMpkN^ + HANpkM^ = e^/^kM[e-^^^WNp] + e^/^kN[e-^^^WMp]. (D.33) 

Recall that K™" = RT™”, so we can write the left hand side of (ID.321) in terms of dual variables. 

'*^As a consistency check, we note that the trivial Killing tensor Kmn = 9 mn does not give any restriction 
on the B field. 
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Equation flD.32p recovers the {mnz) component of this constraint, but other components 
require additional analysis. Here we just mention that the constraint flD.33jl admits a special 
solution 


= 0, W\ = -e-^K\, IE,, = 0, W^n = 0, 

+ 2F^pK/ = Vn(-e-^K,p) - Vp(-e-^K,„), (D.34) 

dae^gpbK‘^'' - dp{e^^k^^) = 0. 


To summarize, we found that T duality maps equations for KT to a combination of the same 
equation and a constraint on the B held: 




'^(mKnp) — 0, 

Hap{mKn)^ + ‘^^^lEv)p] = 0. 


(D.35) 


D.4.1 Lie derivative along KT 


Note that the third equation in (1D.29P has an interesting interpretation in terms of Lie 
derivatives. To see this, we rewrite the as 


0 = 


= 9' 


Va{e-^K^z) + {VbAa - + {m ^ u) 

- AbK^'^) + VbAaK^^ + + {m ^ n) 


(D.36) 


V^{e-^K\ - AbK'^^) F{m^n) 


+ WbA^R-^^ + WbA^K^^ - AbV’K 


jb T^mn 


At the hnal step we used the equation for the Killing tensor. The last equation implies an 
interesting relation for the Killing tensor 




(D.37) 


which generalizes the expression (1D.19P involving the Lie derivative of the B held along a 
Killing vector. Specihcally, rewriting flD.37p as 


AaV^K^n - K-VaAn - K^^^aAm = 


(D.38) 


we are tempted to interpret the left-hand side of the last equation as a “Lie derivative of A^ 
along a Killing tensor”. Although the analogy with the usual Lie derivative has limitations 
(for example, the rank of the Ihs is higher than the rank of Am), equation (ID.3811 does reduce 
to the combination of Lie derivative if Killing tensor has a form = A'"A": 


Ihs = A”A“V„A"^ + VaA^A’"A“ - A,V“(A”^A”) 

= A” [A“VaA"^ - A„V“A”^] + A™ [A^V^A^ - A„V“A„] 

= A" [A“VaA”^ + AaV”^A“] + A'" [A“VaA” + AaV„A“] (D.39) 

= X^CxA^ + X^CxA^. 

It would be interesting to investigate the relation between (ID.381) and Lie derivatives further. 


64 

























D.5 Extension to CKT 


In this appendix our results are extended to the conformal Killing tensor assuming that the 
original geometry has vanishing B field and that there is no mixture between z and other 
coordinates. Starting with equation for the CKT, 


“iV (m^np) — Qmn^p + Qmp^n + QnpWm, 
and performing reduction with Am = 0, we find 


(D.40) 


: 

mnz : 


dXz. + = e^'lK, 


.Ct 




+ {m^n) + 


JC^^dae^ - 2/C,,V^C + + 2 d,]C/ = e^lK^* 


zzp : yx ‘^OaC — + v i^zz + zOzi^z = e 

mnp : + W^g^' 


(D.41) 


Motivated by the discussion of the CKV in subsection 14.1.31 we allowed the components of 
CKT to depend on the z coordinate. We will assume that 8 ^ = 0 before T duality, but the 
z-dependence appears afterward. 

To satisfy the {mnp) equations before and after duality, we require 

VPP = ppP, IC'^^ = K:™". (D.42) 

Comparing {mnz) equations before and after duality, and taking into account that = 

0, we set 


W, = e-^^Wz + 2ne-^, 


/C^ 


= e-‘^^KAz + e-^V”, 


(D.43) 


where is a CKV with conformal factor v. Then (zzz) equation after T duality gives 

dziCzz = 2e-^^Wz + e-‘^^{V^daC + 2v), 

V,, = z[2e-3^1K, + e-2^(V“a„C' + 2n)] +W„ (D.44) 


where Nzz is z-independent “integration constant”. 

Comparing the {zzp) equations before and after duality, 

e-^W{e^^t,,) + e^W{e-‘^^lCzz) + 2 e^a,V/ = 21 K*’, 
e-^W{e^^tzz) - e^W{e-^^lCzz) + 2e^a,V/ = 2/C“Pa„C', (D.45) 

and assuming that a^V” = 0 (and thus dzJCJ^ = 0), we conclude that z-dependence disap¬ 
pears from the last two equations if 


dp 

dp 


[ 2 e-^V 14 + (V^a^C + 2 n)] 
21 K^ + (V^a^C - 2 n) = 


0 . 


0 , 


(D.46) 
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The last equation is a counterpart of the homothety condition for the CKV. The remaining 
equations are flD.45jl : 

= 2WP, 

e-^VP{e^^N,,) - = 21C^PdaC. (D.47) 

To summarize, we have to satisfy two constraints flD.461) and flD.471) on constraints on 
and lO^dtC, then all equations can be solved. 


D.6 mKTY equation and the constraint on the B field 

This subsection is dedicated to the derivation of our main result: invariance of the modihed 
Killing-Yano (mKYT) equation fl4.72p . 


Vm^P + -HMPAd^^YNB + {M ^ N) — 0, 


(D.48) 


under the T-duality transformations. Starting with a geometry fID.ip that admits a modified 
Killing-Yano tensor (mKYT) satisfying flD.48p . we will show that the system flD.4p related 
to fID.lD by T duality admits a mKYT Ymn with components 


'ymn _ ymn 




(D.49) 


To demonstrate the invariance of the mKYT equation, we perform a dimensional reduc¬ 
tion of 


1 


Tmnp = Y'mYnp + -^HMPAd Ynb + (M -f-)- N) 


(D.50) 


As discussed in section ID.21 it is sufficient to look only at components with covariant indices 
z and contravariant indices (m, n...), and since tensor Tmnp is symmetric in the first two 
indices, we have to analyze five types of component^: 


rji P rjim rjimn rji mp rpmnp 

ZZ 5 ZZ) z: Z 5 


(D.51) 


and demonstrate that they are invariant under the T duality flD.Sp . 


1. (zzp) component. 

The first component in (lD.5ip is 


rp p 
^ ZZ 


2V Y/ + 

= dae^Y'^P + g^^e^F,aYj^ + 


(D.52) 


Here we used expression fID.lOp for the covariant derivative V of an arbitrary rank-2 
tensor. Rewriting the last equation as 

e-^Tzz^ = daCY^^ + g^^F.aYz'^ - g’^^e-^'F,aYz\ (D.53) 

■^"^Notice that Tzzz = 0. 
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we observe that is it invariant under the T duality transformation flD.3|) if we require that 

To keep track of the last rescaling in the remaining equations, we introduce 

(D.55) 

that remains invariant under T duality. Then equation flD.53D becomes more symmetric: 


T,/ = daCY-^ + 

and invariance of equation Tz/ = 0 under T duality becomes explicit. 

2. [mzz) component. 

The second component in flD.Sip . 

T’",, = = -\tz,^, 

is also invariant under T duality. 

3. {mnz) component. 

The third component of flD.51ll is 


(D.56) 


(D.57) 


ymn^ = ^ zaY^^ + {m ^ Tl) 

= - ^g^'^daCY^z - ^g^'^e^'FarY^'' + \g^^Ha.,Y^^ + {m ^ n) 

Here we used (ID.101) to express V'^Y'^z in terms of the covariant derivative V'^Y'^z in the 
reduced metric gmn- Rewriting the last equation in terms of the held strengths (Fjj, Fij), 


1 

2 * 


1 

2 * 


ymn^^^mYn^_ZgmaQ^y;Yn^_lgma ^ Y'^^ + {m^n), (D.58) 


and expressing the result in terms of Y dehned by (1D.55P , we hnd 

1 


pmUz ^ 


Clearly this expression is invariant under T duality. 

4. [zmp) component. 


F”'’ + (mOn). 


(D.59) 
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To simplify the fourth component of flD.Sip we again use fID.lOj) : 


m 

z A 


T^rnp ^ ^rnyp _HP^Y 

= V”^r/ - ]^g^^daCYJ> - 

+ ^g^^^e^F.^Y^P - ^g^'^daCY^, + 

+^H^P,Y\ + 


Using expressions 

= g^^g^^[Ha,s - AaH,,s - A,Ha,s\Y\ = 


Hobs A(iFi)g Ai)Fg^ 


Y^ 

^ z 1 


1 


= g^'^gP^Fab — %. - g.sY%] = -g^^g^A^FabY^ , 
gzz 


hp^y'^^ - 




we hnd 


T,mp = V”"y/ - g^^dsCY/ + g^^e^FsrYP^ - ]^g^"dsCY^, + 




h-aaf 


Y% + Y^FasY^ 

. abs 2 


Recalling the expression for H in terms of duality-invariant B (see flD.ip . flD.4p ). 


we observe that 


H = dB + -{AaA), 


H = H-AAF = dB--[AAF + AAF] 


(D.60) 


(D.61) 


(D.62) 


is invariant under T duality. To demonstrate the invariance of flD.bOl) . we rewrite that 
expression as 


T^mp ^ ^rnyp + }_gms^^c/2p^^ ^ e-^ Fg^^H,bsY^ 


g^^dsCYP, - gP^dsCY^, + gP^G^rY^^ - g^^G^rY^P 


(D.63) 


G.,r = F. - e-^/2 F, 


The hrst line of this equation is invariant under T-duality, while the second line changes 
sign. Thus to make TJ^p invariant, we must impose a constraint on F^n and Fmn'- 


^mp _ 


g^^dsGYP, - gP^dsGY^, + - g^^GsrY^P = 0, (D.64) 


G.^r = e^/'F. - e-^/2F 
























The physical meaning of this constraint is discussed in section 14.31 


5. {mnp) component. 

The final component of flD.SlD give^ 


j.mnp ^ ymynp ^ ^ ^ ^ 


(D.65) 


Simplifying the term that involves flux 

= + g^^gP^H,,,Y^^ + g^^ g^^ H + g^-gP^H^.^Y'^^ 

= -A^gP^FbcY^^ + g^^APpacY^^ + g^^^g^^Fab^e-^Y^, - A^Y^p + g^^gP^HabcY'^'' 

= g^<^gP^e-^F^bY\ + g^^ gP^Y'^^H^bc - A A + AbF,, - A^F^b) 

= g^^^gP^e-^FabY^ + g^'^gP^Y^^H -AA F),bc (D.66) 

and recalling expression flD.62p for the duality-invariant H, we find 

H^p^Y^a ^ + g^'^gP^Y^^Habc (D.67) 

Then equation flD.651) becomes 

Y^np ^ ^mynp ^ ^gn.agpb ^ e-^F,,]F\ + Y^^H^bc] + {m ^ u), (D.68) 

and rewriting it in terms of Y 

ymnp ^ ^mynp ^ \g^^gPb [eC/2y^^ ^ 6 -^Fab]Y'^, + Y^^Habc + {m ^ u) (D.69) 

make the invariance under T duality explicit. 

The constraint flD.64p treat z direction in a special way, but it would be nice to write it 
in a covariant form. This can be accomplished in an important special case when F^n = 0, 
which implies the T~dual configuration has no B field. Then flD.64p reduces to 


Hnazg^^Ybp + H^pag^^Ynb + [dnC%p " d^CY^n] = 0. 

The unique covariant form of this relation is 

HampYn^ — HanpYm^ — HamnYp^ — {OmCYj^p — QnCYmp — SpCYnm) 

= OmWnp — OnWmp — dpW mm-, 


(D.70) 


(D.71) 


where W is auxiliary field introduced to satisfy the mnp components of the last equation, 
which would be too restrictive otherwise. 

To summarize, we have demonstrated that all independent components of T^inp given 
by flD.Sip can be written in a way that makes invariance under T duality flD.3p very explicit 
(see flD.56p . flD.57p . flD.59p . flD.63p . flD.69p h as long as constraint flD.64p is satisfied. 


'*^We used (ID.lOp to express in terms of Y^Y'^p. 
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D.6.1 KT from mKYT 


Finally we show that the modihed Killing-Yano equation reduces to a standard Killing tensor 
equation. To do so we begin with the modihed equation for KYT 



(D.72) 


and construct various combinations: 



0 , 


0 , 


Ym^ y bYnp + y nYbp + -^^HbpaYn^ + -HnpaYb^ — 0. 


Adding these equations, we hnd the standard Killing tensor equation 



0 , 

(D.73) 


y mKbn + y nKmb + y bKmn — 0 . 


Here 



(D.74) 


To summarize, we demonstrated that the standard relation “KT=KYT^” persists for the 
modihed Killing-Yano tensors as well. 

E The restrictions on the B field from the FI NS5 
duality chain 

In Section [4. 2. II we derived the restrictions on the metric and the B-held fl4.42p by requiring 
separability of the Hamilton-Jacobi equation along all 0{d,d) orbits which start with a 
pure metric. In this section we will extend those results to 0{d, d) orbits starting with NS5 
solutions (thus generating the entire F1-NS5-P family) and show that separability leads to 
additional constraints fl4.65p . fl4.67p . fl4.68p on the B held. 

We start with conditions on the B held fl4.44p and fl4.45p 


d.dyifgab) - fg^'^HyaMH^m - fg^^H^anHym = 0 , 

dy{fg^^)H^Mb + d^{fg^^)HyMb + fg^^d^HyUb = 0 . 


(E.l) 
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Next we consider the first equation and require this constraint to hold on the entire 0{d, d) 
orbit containing NS5 brane. Comparing flE.lj) for FI orbit with its counterpart for NS5, we 
find 


3A(f9^) - = 0, 


(E.2) 


Here we used the transformation law for the metric and dehned a convenient function F 

^NS5 _ _ TP-e^'i Z? — ^ /A^Fr< TJ (E 3) 


9 mn=F9m\. = F^x/d^dethf. 


Expressions without superscript in (lE.2p refer to the fundamental string. The field strengths 
of the Kalb-Ramond fields for NS5 and El systems are related by the electric-magnetic 
duality 

Tjr(NSb) _ 2<I>jvS5c xNPz\Z2Z2,ZAf^{NSb) _ 2$ivS5o xNPziZ2Z3Z4 tt{F^) I'rr A'l 

^yaM ~ yr ^yaM ^xNPz4Z2ZzZ4 ~ yC *^yaM ^xNP' 


In particular, the product of the field strengths is 


4$ j\i 

tt{^S5) tt(^NS5)M _ ^ _ 

■^yaM b (3!)^ 


^yaM 


xNP ^ M y B Tj Tj A _ 

^x b A ^xNP^y B — 




a NP M B TJ J-T 
^aM e bA ^xNP-FLy B 


(2 


112 


_ g4$ArS5 


f7 tJ at - tt tj IV1I\ A-I'I 

~ FlxbM Fly a i2^^MNFly 


MN iNSb) 


g{NS5) 


(E.5) 


In the last line all indices are contracted with terms of the El metric we hnd 


tj{NS5) jj{NS5)M _ p 
F^yaM Fix b — P 


TJ U FI - TJ TJ „ 

Bi-xbMBiy a ^^xMN ^y Qab 


MN ^ 


We can now rewrite the conditions (lE.2p in terms of the El fields: 

dxdy{fgab) - fHyaMHx^b - fHxaMHy^b = 0 , 

dxdy [fgabF^] + fF\Hy,MHx^b + {x ^ y) + HxMNHy^^g^b) = 0. 

Subtracting the hrst equation from the second one we get the relation 
dxdy[fgabF^] + F\dxdy[fgab\ + fHxMNHy^^ g^b) = 0 , 
which can be rewritten as 


(E.6) 


(E.7) 


a^dylg^jF] + 


dy In Fdy In F + ^HyMNHy 


MN 


= 0 . 


(E.8) 


Remarkably in all our examples the two terms entering this expression vanish separately, 
so we conjecture that this will always happen for the systems obtained from fundamental 
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stings via the duality chain, although we will not attempt to prove this fact. Recalling that 
F = we conclude that vanishing of the hrst term in flE.Sp implies separation of the 

duality-invariant expression 


9ab 


{Fl) ^ fiNS5)^-2^NS5 


(EJ) 


In other words vanishing of the hrst term in (lE.Sp can be written as 


dxdy [gabfe = 0 (E.IO) 

in every frame containing only NS-NS helds. Vanishing of the second term in flE.Sp gives 
the relation in the Fl frame 

dx^dy^ + In^MNHy^^ = 0. (E.ll) 

o 


Now we consider the the second condition in flE.ip 

dyUg^^)HxMb + dx{fg^^)HyMb + fg^^d^HyMb = 0 . 


Writing it for Fl and for NS5, and using flE.3j) we get 




(E.12) 


(E.13) 


Here H = is six-dimensional Hodge dual of the held strength for Fl. Note that 

the hrst equation (and its dual counterpart) can be written in two diherent ways (using 
dxHyMb = dyH^Mb)- The diherence gives equation of motion for the B held 


^mM 


dxie^^^^^HyMb) - dyie^^-^^HxMb) 


0, = detif\/detG. 


(E.14) 


To summarize we have found two additional constrains flE.Sp . flE.lSp on the B held that 
guarantee separability of F1-NS5. Remarkably in the studied examples the hrst condition 
decouples into two very simple equations - separation condition flE.lOp and the held equation 

dEII]). 


F Modified KY tensor for the charged Myers—Perry 
black hole 

In section 15.11 we presented the modihed Killing-Yano tensor for the charged counterpart of 
the Myers-Perry black hole. In this appendix we will outline the derivation of fl5.3p - fl5.4p . 
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We begin with the original Myers-Perry metric and its Killing-Yano tensor written in 
terms of frames (13.201) and apply the hrst two steps in the dnality chain fl5.2p . The boost 
leads to replacements 


dt —)■ chadt + shady dt —)■ chadt — sh^Sj^ 

dy —)■ chady + sh^df ’ dy —)■ ch^dy — shac}^ 


(F.l) 


in the frames fl3.20p . bnt it does not modify the expressions fl3.3Up . fl3.3ip . T dnality along 
y direction leaves the contravariant components g'^'^ = and invariant, so it is 
reasonable to assnme that neither expressions fl3.30p . fl3.3ip nor components of ca which 
don’t involve y are modihed. In other words, we will assnme that after T dnality the frames 
have the form 


€r — 


et = 


Ci = 


R — mr 
FR 


d 6 = 

? ^Xi 


At H 

dxi, ey = CyChady-shadt, 


i?2 


FR{R — mr) 


di{r‘^ - Xi) 

chadt - Ct shc^^y - ^ 


H, 


diir"^ - Xi) 


oh-adt Ci sh^tl^ ^ ^ 




(F.2) 


Xi + a 


2 ^'t>k 


with some fnnctions {Cy, Ct, Ci). This assnmption will be jnstihed by the explicit calcnlation 
that recovers transformation rnles fID.ip . flD.4p and flD.49p and determines the fnnctions 
{Cy,Ct,C,). 

We begin with recovering the relation g^"^ = 0, which must hold after T duality. Equa¬ 
tions flF.2p give 


= -CyChaShadtF 
-Xi)H, 


R^ 


' FR{R-mr) 


Cishc 


chadt - ^ 


-Y 


di{r‘^ - Xi) 


Ci she 


chadt - ^ 




Xi -|- a 


2 ^4>k 


a 


= 0 . 


(F.3) 


Coefficients in front of dt and all must vanish, so we hnd n equations for (n-l- 1) variables 
(Cy,Ct,Ci), which are completely determined up to one overall factor. Thus it is sufficient 
to guess the solution and check the result. To determine the coefficients {Cy, Ct, Ct) we set 
m = 0 in the boosted frames before T duality, which can be extracted from flF.2p by setting 
Cy = Ct = Ci = 1. This gives the off-diagonal components before T duality 


R 

g^^dp I m=o = - cha shadt + — sh, 

{-Xi)Hi 

di{r‘^ - Xi) 


chadt - ^ 




r2 al 


-E 


sh. 


chadt - ^ 


Qk 


Xi + CLj^ 


2 ^4‘k 


= 0 . 


(F.4) 
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The last expression must vanish since for m = 0 time and y coordinate enter the Myers- 
Perry metric fl3.ip only through the boost-invariant combination —dt^ + dy"^. Comparison 
of (1F.3P with (1F.4P gives the unique expressions for the unknown functions in terms of Cy-. 


a = Cy, Ct = ^—^Cy. 

K 

To determine the last remaining coefficient we compute 


(F.5) 


~gyy = c. 


,2 {R- rnr) ^ 

ch^a -77 -;^—- sh^a + y 


FR 


-Xi)Hi 


di{r‘^ - Xi) 


slTa 


- 

- ^y 


1 + 


mr 2 


(F.6) 


To simplify this expression we again used the trick of setting m to zero. For the boosted 
version of (13. Ih we hnd 


mr 2 

9yy = ^ + YR^^ «• 

Matching this with we conclude that Cy = 1. 

To summarize, we have demonstrated that the frames flF.2li with 


(F.7) 


C, = Cy = C = (F.8) 

K 

reproduce the metric after T duality and expression (I5.3p recovers the correct components 
it only remains to check that the correct transformation of Y/ is also recovered. 
According to our conjecture (15.3j) . the mKYT in the original and T dual frames are given 
by 




A • • • A e“ 


> y (p) = ^ 


A • • • A e° 


(F.9) 


with the same coefficients . The original frames e“ are given by flF.2p with Ci = Cy = 
Ct = 1, and the dual frames e“ have different values of coefficients fIF.Sp . Observing that 




gm ^ n 


(F.IO) 


we hnd the perfect agreement with transformation (I4.74p . 




Tk 


m2...nip _ ^—Cy m2...mp 


(F.ll) 


since 

TftV 

= gyy = l + — sh^a = hi. (F.12) 

r tC 

This concludes the derivation of the Killing-Yano tensors (15.3p . (I5.4p . (15. 6 p for the charged 
Myers-Perry black holes in even dimensions. The arguments for the odd dimensions are 
identical, and the answer is given by (15.7p . (15.8p . 
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G Killing tensors for the FI—NS5 system 

In this appendix we will present some technical details of calculations leading to the Killing 
tensors for the examples discussed in section [5l 


G.l FI—NS5 from the four—dimensional Kerr metric 


Starting with Kerr metric (12.45^ and using the duality chain (I5.2p . we generate the F1-NS5 
solution 


ds^ = 


1 , 9 4ma shfl sh^ cos 6 , , 


2mr ch^ ^ 4mra cha ch^ sin^ 9 




p^hp 


+ 


(r^ + a^)hQi + 

Kp^ 


2 mra? siv? 6 (2mar cho, sh^ sin 0)^ 


p^hp 

,2 „ l ,2 


sin^ dd(j)^ 


dtd(j) 

(G.l) 


dr^ + haP^dO^ + 


Bo = 


A 

mr sh 2/3 


1 + 


2msh^(2msh^ + r) 

p'^hp 


dz‘^, 


, , 2amr cha shfl sin^ 0 , ,, 2am cos 6* ch/j sh„ , 

dyAdt -- dy A d(j) + - ^^—-dt A dz 


hpp^ hpp^ 

m cos 9 sh 2 Q,(a^ + 2 mr sh^ + r^) 


hpp^ 


hpp^ 


d(j) A dz, 


g2# ^ 


Hqi 

hp' 


A = — 2mr, = r‘^ + cos^ 9, ha = l + 


2 mr sh^ 


hp — 1 + 


2 mr sh 
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p^ p^ 

The charges associated with NS5 branes and fundamental strings are dehned by 

Qs = 2A^ = 2msinh^a, Qi = 2B^ = 2msinh^/3 (G.2) 

The nontrivial Killing tensor for fIG.ip can be extracted either from solving a system of dif¬ 
ferential equations fl2.6p or by separating variables in the massive Hamilton-Jacobi equation. 
The second approach is easier and more instructive, so we begin with equation 


9 


MN 


dS dS 
dx^ dx^ 


+ p — 0 , 


(G.3) 
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multiply it by p^ha, and rewrite the result as a system of two differential equations 


+ 2A‘^r + + 2B‘^r + a^) a? 

A ~2 


A = (2^2+ r)(2S2 +r)- 

4ar-^ {A^ + m)(B^ + m) 

A 

+/i^(2S^r + r^), 

A = -a^clidySy + AaABced,SdyS+^{dtSy-\{d^Sy-{dgSf 

2 Sg 


(dtSf 


dtSd^S - -{d^Sf + A(a,5)2 + r\d,sf 


(G.4) 


2 2/0 on2 2 2 2 

—a Cq[Ozo) — p a Cq. 

In general A can depend on all coordinates, but for separable solutions, 

S = -Et + + pzZ + PyU + Sr{r) + Se^O) (G.5) 

this function must be constant. This constant gives rise to a Killing tensor 

= -a^cldy + AaABcedzdy + - \dl - dg - a^cldl + o^Cgg^^dMdN- 


9 2 ^0 ^6 

Z bg 


(G.6) 


Here we removed p? from (IG.4P using the relation 

g^^dMSdMS + p^ = 0. 


This Killing tensor (1G.6P is used in section 15.21 Note that even though we found KT, the 
square root of (IG.6D does not solve either standard or modihed KYT equation for arbitrary 
charges. The special cases for which modihed KYT exists are discussed in subsection 15.21 


G.2 FI—NS5 from the five—dimensional black hole 

The chain of dualities (I5.2|l can also be applied to a hve-dimensional black hole, but fortu¬ 
nately this procedure has been performed in [5lj^ . Here we will focus on solution with one 
rotation which can be obtained by setting 6p = 0, ai = 0, 02 = a in equation (3.6) of [51] and 

'^^The metric has been constructed earlier in |49] using different methods, and in the full solution (|G.7ll 
for the extremal case was found in |45] . 
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performing an S duality. The result reads 


ds^ = 


_ M\ dt^ dy^ ( dr^ 

f ) Hi^ Hi ^ ^\r‘^ +a?-M 


+ de‘ 




o^KiKq cos^ 9 


B, = 


fHi 
cos^ 9 


Hi 

c? sin"^ 9d(j)^ + 


I'i \ /' 2 I 2 \zi a^KiK^sm. 9 . 2 qjj,2 

cos 9dyj + (r + a jr/s- — - sin 9d(p 


Hi 


M o . yi „ . ,0 2 cos^ 9 . „ , , , 2 sin^ 9 


fHi 


aABdydijj H——a \/+ MVB‘^ + Mdtd<p + dzf 


2 = 1 


sin2 0 


aAVB‘^ + Mdt A di/j + aB\/A^ + Mdy A d(f) 

jBi jHi 

B^/WTM , , A^WTM . 2 2 2n^, 

-dt Ady - — -(r^ + + B^) cos^ 9dtl2 A dcj), 


fHi 


fHi 




Hi^ 


f = cos^ 9, Ki = —, K 5 = —, Hi = 1 + Ki, i = 1, 5 


B^ 


^2 


/ 


/ 


(G.7) 


Multiplying the Hamilton-Jacobi equation (IG.jp for the metric (1G.711 by fH^ and separating 
variables, we find 


2 , 02 , , 2 , {A^ + M){B^ + M) 


-\^A^ + B^ + M + H + 
{A^ + H){B^ + H) 


— M + r'^ 
2 aAB 


{dtsy + 


2 , 2 aVA^ + M^B^ + M 


— M + 


{dySy - —^dySd^S +{a^-M + r^idrSy 


2 \^y-'j ^2 

2 


a 


\2 


dtSd^S 

(G.8) 


' a? — M + r'^ 


jd^sy - 

cos^ 9{dtSy — cos^ 9{dySy — (dySy 


{d^Sy + {A^ + ryy^ = 

1 


{d^sy 


cos^ 9'' ''' ' sin^ 9 
This equation clearly separates in r and gives rise to the Killing tensor 


{d^Sy — a‘^ cos^ . 


K^^OmOn = cos^ 9d? — a? cos^ 9dJ, — dl 




,dl 


JMUN - u uuo uu^ - a uuo uUy - uy - 

+a^ cos^ 9g^^djiiSd^S. 


(G.9) 


In contrast to the F1-NS5 system constructed from the four-dimensional Kerr solution (there 
was no mKYT) the square root of flG.QD give rises to a rank-3 modified Killing-Yano tensor 
discussed in subsection 15.31 
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G.3 FI—NS5 from the Plebanski—Demianski solutions 

Our final example is F1-NS5 constructed from the Plebanski-Demianski metric [54]: 

2 / + 2 , j 2 , ^ , 2j ^2 Y 2j ^2 

as = —-—dp H- ——dq ^ (dr + g da)- 5 - :,[dT - p da) , 

A Y p^ + p^ + q^ 

X = ^ — ep^ — \p^ + 2lp, Y = ^ + eq^ — Xq^ — 2mq. (G.IO) 


Here A is a cosmological constant, e and g are electric and magnetic charges (we will set 
these quantities to zero). The remaining constants {'y,m,l,e) effectively comprise 3 real 
continuous parameters and one discrete parameter, since one can always rescale coordinates 
to set e to one of three values (+1,—1,0). The remaining continuous parameters ( 7 , 771 ,/) 
are related to the angular momentum, mass, and the NUT charge. The Kerr solution fl2.45p 
is recovered by setting 

= ,= l-Aa^ p = aco= 9 , q = r, r ^ t - . = 


In string theory applications one usually sets e = g = 0, and since asymptotic flatness is a 
crucial part of our solution generating technique, we set A = 0 as well. Applying the chain 
of dualities fl5.2l) to such truncated version of fIG.lOp we get an F1-NS5 solution 


ds^ = 


2 , /«. 2 , 2 , ^q^X + fY , , , , 

—dp + —dq H- - - dr + 2 - - -ch^ chpdrda 

X y Jg J/3 

P^Y-q^X , , (q^X + p^Y)^ ch^ shj- 

ch„ + A y sh„ + 


p 2 _|_ q 2 




// 3 (p 2 + g 2 ) 

fa 


da^ 


B = 


u 

p^ + q^ + X-Y 

fg 

2 {lq — mp) 

u 


//3 


p 2 _|_ qi 


+ 


4(mp — Iq)"^ sh^ sh^ 


(f'X + p^Y 

ch.p sh,gdr H---ch^ sh^da 


fd 


fp{p^ + q^) 

A dy 


dz'^, 


ch^ shodr 


(G.ll) 


fl 3 pq{lp + mq) + {Iq — mp){q^X + p^Y) sh^ 


fa = {p‘^ + q‘^) 


1 + 


Mp'^ + q^) 

X -Y + p‘^ + q^ 2 


sh.2ada 


A dz, 


p 2 _|_ qi 


■slU 
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Writing the HJ equation for the metric fIG.llj) and multiplying it by fa, we extract the 
Killing tensor from separation of variables as in the previous subsections 




1 

PaPpdl + 4mpsh„ ^h-fidyd^ - p^dl - - —aj - — ch„ ch^a^a^ 

ch^ ch^ sh^ 


sh| + 




+ 




+ psh„(p + (2/ + 2p - ep) sh^) d^, 


+PPa9^^dMdN, 

where we dehned 

Pa = pch^ + {21 - ep) sh^. 

Note that setting the NUT charge to zero and choosing e = 1 gives 

p\i=o,e=i = P- 


(G.12) 

(G.13) 

(G.14) 


This example shows that the NUT charge does not spoil separability and consistent with 
results from Appendix IG.ll 


H Double Field Theory 


In this appendix we review the Double Field Theory (DFT) [22] and use rewrite the action 
of T duality on Killing vectors in a more symmetric form. 

Double Field Theory is an elegant way of incorporating T duality as a symmetry of field 
theory. This is accomplished by extending the standard D coordinates into a larder 
2D-dimensional space = {xm,x^). In this appendix we deviate from the notation 
used throughout this paper and denote the spacetime indices by lower-case letters, while 
reserving the capital ones to label the “double space” spanning over regular and barred 
indices N = {n, n). This notation is standard in the DFT literature. The theory is formulated 
with full duality group 0(D, D). 

Recall that the T duality group is associated to string compactifications on is 0(n, n), 
so we see that DFT gives a geometric interpretation to the T duality transformation. 

The next step in constructing DFT is dehning the fields. One is looking for 0(D, D) 
invariant tensors. It turns out that the metric gmn and the Bmn held can be unified into 
such kind of tensor called the generalized metric [iQl HI] 


/ gmn \ 

\B^kg^^ g^n - B^kQ^^Bin) ■ 


(H.l) 


Note that the generalized metric does not play the same role as the regular metric in 
general relativity: the indices are raised and lowered with the constant 0(D, D) invariant 
metric ^mn rather than Hmn, where 

"o”) ^ 
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To define diffeomorphisms in DFT theory one needs to introduce the generalized Lie deriva¬ 
tive [55] of the generalized metric 

L^Hmn = — d^^M)'HpN + ^n)'Hmp- (H.3) 

where = (Aj, A*), ^7 = (A*, Aj) is the generalized gauge parameter. Here Aj corresponds to 
the gauge transformation of the Kalb-Ramond held Bij and A* is a usual diffeomorphism. 

Transformation (1H.311 differs from the standard diffeomorphisms in 2D dimensions since 
the following condition must be preserved 

'HmaV^^'^bn = Vmn- (H.4) 

To demonstrate that flH.3p accomplishes this task, one begins with observing that 

L^rjMN = — d^^M)VPN + — d^^N)VMP = 0. (H.5) 

Then 


= [^^dpBMA + — d^^M)'HpA + y-)- N) 

= — d^^M)VPN + — d^^A)'HMPV'^^'^BN] + {M N) 

= i^A^Q — dQ^A)v^^V'^^ {'^mp'Hbn + Hnp'Hbm) = 0 (H.6) 


This leads to the conclusion that the condition flH.dp is preserved by the modihed diffeomor¬ 
phism flH.3p . 


H.l Killing vectors in DFT 

To incorporate Killing vectors in the DFT framework, we recall that in the Riemannian 
geometry the Lie derivative of the metric gmn along a Killing vector A vanishes 


^XOmn — '^m^n + n^n — 0 . (H-7) 

So to dehne the “double Killing vector” = (Am, A*") we require vanishing of the generalized 
Lie derivative flH.3D 

L^hiMN = ^^dpHuN + — d^^M)'HpN + — d^^N)'HMP = 0. (H.8) 


Next we will demonstrate that this equation incorporates both gauge transformation of B 
held and usual diffeomorphism of the metric 0 . 

Let us begin with fhn components of equation flH.SpI^ with T-Lmn from OH.ID 


= edpH^n + d^enpn - d^WHpn + d^en^p - 


mP 


= i^dpl-Lfhn 
= XPdpg^^- 


- dpUn^r 

dpX^gP^ 


- dp^nB-m^ = edpg^^ - dpUg^^ - dping 
dpX^g^P = C^{g^^) = 0 . 


mp 


(H. 9 ) 


Appearance of both ingredients in the generalized Lie derivative has been discussed in [55] . 
■^^In the following calculations we use the strong constraint 9 = 0 [S5] . 
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This recovers the standard equation flH.7|) for the Killing vector. For the mn components of 
equation flH.Sp we hnd 




= edpnmn - 

= XPdpi-g^’^B,^) - dpX^i-gP^B,^) + dnX^{-g^^B^p) + dj^pg^^ - dpX^g^^ 


= X^dpBn^ - dpX^BJ’ + dnX^Bp'^ + {dnXp - dpXn)g^^ = 0 . 


(H.IO) 


The hrst two terms give the regular Lie derivative of BrJ^ along the Killing vector A™', but 
this derivative does bot have to vanish since the Kalb-Ramond is dehned only up to a gauge 
transformation. Equation flH.lOD states that the Lie derivative of B must be a pure gauge 
(with gauge parameter A^), which means that all physical effects from the Kalb-Ramond 
held are invariant under the diffeomorphisms generated by A™. The mn components of flH.3D 
give nothing new due to the constraint (1H.411 . 

We conclude that the Lie derivative (lH.3p can be used to formulate generalized Killing 
equation 


— d^^M)'HpN + — d^^N)'HMP = 0 , 


(H.ll) 


whose components give equation (1H.9p for the regular Killing vector and relation (IH.lOll for 
the Lie derivative of the B held. 

For future reference we rewrite equations flH.QD and flH.lOp in terms of the covariant 
derivatives. For the hrst equation the transition is standard: 


0 ^mXn T ^nXm 0, 


(H. 12 ) 


and equation (IH.4p . 

= 0 ^ X^dpBrT - dpX^BJ + d^X^Bp^ + {d^Xp - dpXn)g^P = 0. (H.13) 

requires additional work. Straightforward transformations lead to 

X^VpBr,^ - VpX^BJ + VnX^Bp^ + V™A„ - = 0, (H.14) 

and using the Killing equation flH.12p the last relation can be rewritten in terms of the 
gauge-invariant held strength H = dB: 

H^^pXP = VmK-^n~X'^. (H.15) 

where we dehned 

~ + Xpbm^ . (H.16) 

Notice that under the 0{D, D) transformations act as a rotation between Xm and A™', and 
X'^ transforms in a more complicated way. 
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I Complex structures 


Killing-Yano tensors are closely related to Kahler forms on complex manifolds, and in this 
appendix we will apply the rednction nsed for the KYT to arrive at the modified Kahler 
condition on manifolds with torsion to recover the well-known resnlts imisT]. We begin 
with an arbitrary anti-symmetric tensor J and define 

TpMN = '^pJmN- (I-l) 

The Killing-Yano eqnation for J can be written as 

T{pm)n = 0 , ( 1 . 2 ) 

and the Kahler condition, dJ = 0, is 

T[pmn] = 0. (1.3) 

Combination of the Kahler condition with integrability of the complex strnctnre is eqnivalent 
to a simple constraint [58] 

TpMN = 0, (1.4) 


and we will now analyze its transformation nnder T dnality. 

Starting with a pnre metric (ID.Ill with B = 0 and performing the dimensional rednction 
of (iLT|l nsing (ID. 101 . we find 


TV = vv/- 

J^pmn ^ ^Pjmn _^gpagnbp^^j^m_ 


Introdncing rescaled qnantities 


(1.5) 


J m _ J ^ jmn _ jmn 

J z t J z : ^ ^ 1 


( 1 , 6 ) 


we can rewrite these relations as 


T 


T 

J- 7 . 


rj^p n 


rj^pran 


^^^mbjan _ gnbjam^^Cp^ ^l^daC, 

^pjmn p ^gPagmbp^^^jn _ ^gPagUbpj^ 


(1.7) 
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where tildes refer to expressions after the T duality. If we dehne a tensor 


TpMN = '^pJmN + -HpNAQ^^ JmB — -HpMA9^^ Jnb 


(1.8) 


after duality, then 

n _ _^ T _ _ €~^T ^ ^ ^mnp _ j-irrinp 


In particular we observe that the Kahler condition fll.4p is preserved by the T duality, as 
long as one uses the modihed expression flL8D for Tpmn in the presence of the B held. 
Expression fll.Sp can be interpreted as a covariant derivative on a manifold with torsion, and 
equation Tpmn = 0 coincides with well-known requirement of supersymmetry for geometries 
supported by the Kalb-Ramond held 071. 
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